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Abstract 



The Finsler spaces in which the tangent Riemannian spaces are conformally flat 
prove to be characterized by the condition that the indicatrix is a space of constant 
curvature. In such spaces the Finslerian normahzed two-vector angle can be exphcated 
from the respective two-vector angle of the associated Riemannian space. Therefore the 
way is opening to propose explicitly the connection preserving the angle even at the 
indicatrix-inhomogeneous level, that is, when the indicatrix curvature value Cind. is permit- 
ted to be an arbitrary smooth function of the indicatrix position point x. The connection 
obtained is metrical with the deflection part which is proportional to the gradient of the 
function H{x) entering the equality Cind. = H^- Also the connection is covariant-constant. 
When the transitivity of covariant derivative is used, from the commutators of covariant 
derivatives the associated curvature tensor is found. Various useful representations have 
been developed. The Finsleroid space has been explicitly outlined. 
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Motivation and Introduction 

In the Finsler space the tangent bundle TM over the base manifold M is geometrized 
by means of the Finsler metric function F{x, y), such that at each point x E M the tangent 
vectors y G T^M are used, where T^M is the tangent space supported by the x. 

The embedded position of the indicatrix C T^M in the tangent Riemannian 
space TZ{x} = {T^M, g^^-^ly)} (where g{x}{y) denotes the Finslerian metric tensor with x 
considered fixed and y used as being the variable) induces the Riemannian metric on the 
indicatrix through the well-known method (see, e.g.. Section 5.8 in [1]) and in this sense 
makes the indicatrix a Riemannian space. Therefore, the geodesies can be introduced on 
the indicatrix by applying the conventional Riemannian methods. 

In any (sufficiently smooth) Finsler space the two- vector angle a^xj^yi. 1/2) can locally 
be determined with the help of the indicatrix geodesic arc, which provokes the important 
question whether the Finsler geometry can be profoundly settled down by developing and 
applying the connection which preserves the angle. 

In general, the angle Q:^x}{yi,y2) is complicated and cannot be determined in an 
explicit form, except for rare Finsler metric functions. The lucky example is given by the 
Finsler space J^^ which is characterized by the condition that the indicatrix is a space of 
constant curvature. In the space J-"^ the angle a{x}{yi,y2) can be found in the explicit 
and simple form. Namely, it is possible to prove that (under attractive conditions) in any 
dimension iV > 3, the tangent Riemannian space TZ{x} is conformally flat if and only if the 
indicatrix is a space of constant curvature. The respective transformation y — C{x,y) 
is positively homogeneous of the degree which we shall denote by H. The remarkable 
equality Cind. = arises, where Cind. = Cind. (x) denotes the value of the curvature of the 
indicatrix C T^M. 

Under this transformation y = C{x,y) each tangent Riemannian space TZ{x} is con- 
formally changed to become a Euchdean space S^x}- The distribution of the last spaces 
£^x} over the base manifold M composes the associated Riemannian space, which we 
denote by TZ^ — (M, S), where S = •>/ amn(3^)y™y" is the Riemannian metric constructed 
from the metric tensor amnix) of the space S^x}- We are entitled to induce the angle Q;|^|™ 
conventionally defined in the Riemannian space TZ^ into the Finsler space J-^ , obtaining 
simply a{x}iyi,y2) = {l/ H{x))af^f{yi,y2). 

To explicate the coefficients A^™„ of nonlinear connection from the Finsler angle 
— Q^{a;}(2/i, 2/2), we should successfully propose the preservation equation. The nearest 
possibility is to formulate the equation djO; = in accordance with the formulas (1.1.12) 
and (1.1.15), applying the separable operator di indicated in (1. 1.11). 

This possibility has been realized in the preceding work [10,11]. Namely, in that work 
the separable preservation equation rfjO = has been solved in the Finsler space J-"^ under 
the assumption that Cind. = const, and whence H = const. The explicit coefficients N"^n 
have been obtained. 

In general the indicatrix curvature value Ci^d. may depend on the points a; G M 
which support the indicatrix. We call the space J-"^ indicatrix- homogeneous, if the value 
is a constant, whence H = const. If the dependence Ci^d. = Cind.(2;) does hold, we say that 
the space J-'^ is indicatrix-inhomogeneous, in which case Hi ^ 0, where = dH/dx^. 
The representations obtained in the previous work [10,11] are the {Hi — > 0)-hmits of their 
generalized counterparts developed in the present study. 

It appears that in general the angle preservation equation formulated in the separable 
way does not permit any solution for the coefficients N"^n- 
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This conclusion can be drawn from the imphcations which are derivable by the help 
of the coincidence-limit method (see Section 3.2 in [12]) which extracts the information 
from behavior of Riemannian geodesies. To this end we should use the distance function 
E — E{x,yi,y2) with E = (1/2)q;^. Namely, evaluating various partial derivatives of 
the function with respect to yi and y2 and finding the coincidence limits when y2 ^ yi, 
we can obtain a valuable information on the derivatives of the Finsler metric tensor of 
the Finsler space. Performing the required evaluations on the level of the second-order 
partial derivatives /dy^''dy2, and, then, applying the operation y2 yi to the resultant 
expressions, it is possible to arrive at the following general conclusion: In any Finsler 
space the vanishing assumption dia — of the separable type entails the equality 

2 

If we additionally postulate diF = 0, we obtain Vihmn = and, therefore, the 
metricity Vigmn = which is formulated with the covariant derivative V arisen from 
the deflectionless connection. We can apply the derivative ff^ /dy^dy^ to the equality 
T^igrnn = 0, which Icads after simple evaluations to the vanishing ViSn^jm = 0. Here, the 
Sn^jm is the tensor which describes the curvature of indicatrix (see Section 5.8 in [1]). 

Clearly, the vanishing ViSn'^jm = can be realized in but rare particular cases of the 
Finsler space. The vanishing is realized in the indicatrix-homogeneous case of the space 
J^^ , and cannot be realized in the indicatrix- inhomogeneous space 

Therefore, the account for the dependence H — H{x) in the Finsler space IS 
neither straightforward nor trivial task. 

These important (and rather unexpected?) implications enforce us to look for more 
capable ideas to formulate the preservation of angle. The attractive idea is to substitute 
the normalized angle ci'^^^^^ {yi,y2) = H{x)a{x}{yi,y2) (see (1.1.26)) with the initial angle 
(^{xjiui, 112) in the separable preservation law, according to (1.1.27). The law obtained is of 
the recurrent- type (1.1.28), namely dia + {l/H)Hia — 0. It appears that this preservation 
is reconciled with the indicatrix-inhomogeneous Finsler space J-'^ at any scalar H = H[x). 
The reason thereto is the following assertion obtainable by the help of the coincidence-limit 
method: In any Finsler space the vanishing assumption dia + {l/II)Hia = entails the 
equality 

2 2 

T-^ihmn 'pihjTindiF Hihrnn- 



In these patterns the vanishing diF = yields the equality T>igmn = —{'2/II)IIihmn, which 
entails the extension of the previous vanishing ViSn'^jm = such that the right-hand 
part of the extension is just the expression which is obtained when the characteristic 
representation of the tensor Sn^jm of the space under study is inserted under the 
action of the covariant derivative T>i. 

Thus, the recurrent-type equation d,ia + {l/ H)Hia = of preservation of the angle is 
reconciled with the indicatrix-inhomogeneous Finsler space J^^ at any scalar H = H{x) 
(see Proposition 1.1.2 in Section I.l), and therefore is accepted in the present work to 
apply. We solve the equation with respect to the coefficients N'^n{x,y). 

The N'^n{x,y) thus appeared to read (1.2.15) can naturally be interpreted as the 
coefficients of the non-linear connection produced by the angle in the space studied on 
the general indicatrix-inhomogeneous level. 
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Because of the conformal flatness of the tangent Riemannian spaces 7l{x}, the Finsler 
space J-'^ involves the associated Riemannian space TZ'^ and, therefore, the Rieman- 
nian connection coefficients L'^ij = a"^ij + S"^ij (shown in (1.1.14)) in which the entered 
Christoffel symbols a™jj are to be constructed from the Riemannian metric tensor amn{x) 
of the space TZ^; the notation S'^ij is the torsion tensor. 

With the knowledge of the coefficients N'^n{x, y), we can straightforwardly evaluate 
the derivative coefficients N^im and express the Finslerian connection coefficients T^im 
through the Riemannian connection coefficients L'^ij = L^ij{x) and the function H — 
H[x) (by the help of the formulas (1.1.33) and (1.2.18)). 

The coefficients T^im involve the deffection tensor A'^im = —N^im — T^im which 
is non-vanishing as far as Hi ^ 0, namely A^im = {1/ H)Hih'^. There arises the co- 
variant derivative T, which properties are listed in (1. 1.37)- (1. 1.40). In distinction from 
the connection developed in the indicatrix-homogeneous case, the T-connection obtained 
is no more deflectionless. Nevertheless, the X-connection is metrical and the equality 

jym, ^ -T'^.-yi holds. 

In this way, the metrical non-linear Finsler connection — {N"^i, T™jj} is induced 
in the space from the metrical linear connection TZL — {L"^j, L'^ij} evidenced in the 
Riemannian space TZ^ , where L"^j — —L"^jiy^. The involved function H — H{x) may be 
an arbitrary smooth function of x. 

The Finsler connection J^N = {N"^i,T"^ij} can be understood to be a result of 
an appropriate nonlinear deformation of the connection TZL = {L'^j,L"^ij}. It is the 
transformation y = C{x,y) that represents the deformation said. 

In other words, in the Finsler space J-"^ wc evidence the phenomenon that the 
metrical non-linear angle-preserving connection is the C-deformation of the metrical linear 
connection applicable in the Riemannian space TZ^: 

TN^C- TZL. 

We shall show that the C-deformation is T-covariant constant: T - C = 0. Also, the 
covariant derivative T is the manifestation of the transitivity of the connection under this 
transformation, in short, T = C • V, where V is the covariant derivative applicable in the 
Riemannian space TZ^ . 

In the Riemannian geometry we have merely H = 1. In the Finsler space J-"^, the 
scalar H{x) plays the role of the parameter which changes the indicatrix curvature value. 
Varying the scalar H{x) evokes the changes in the Finsler space . 

In the theory of Finsler spaces the notion of connection was studied on the basis 
of various convenient sets of axioms (see [1-5] and references therein). Regarding the 
significance of the angle notion, the important step was made in [6] were in processes of 
studying implications of the two- vector angle defined by area, the theorem was proved 
which states that a diffeomorphism between two Finsler spaces is an isometry iff it keeps 
the angle. This Tamassy's theorem clearly substantiates the idea to develop the Finsler 
connection from the Finsler two- vector angle, possibly on the analogy of the Riemannian 
geometry. 

To meet new methods of applications, the interesting chain of linear connections was 
introduced and studied in [3]. It was emphasized that in the Riemannian geometry we 
have naturally the metrical and linear connection applicable on the tangent bundle of the 
variables x,y. Like to the constructions developed in the preceding work [10,11] dealt 
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with the indicatrix-homogeneous case, in the present indicatrix-inhomogeneous study of 
the space J-"^ the export of this connection generates the required Finsler connection. 

By performing the comparison between the commutators of the obtained Finsler 
covariant derivative T and the commutators of the underhned Riemannian covariant 
derivative V, not assuming H — const so that H{x) is permitted to be an arbitrary 
smooth function of x, the associated curvature tensor P/J^ij can straightforwardly be 
derived. 

The Finsleroid case of the space J-^ provides us with the example when the key 
transformation y = C{x,y) is known explicitly. Therefore, we can straightforwardly 
apply the developed indicatrix-inhomogeneous theory taking the metric function of the 
Finsleroid type. The exphcit representations for the respective Finsleroid coefficients 
N"^n: as well as for the entailed derivative coefficients N'^^j^ and N^imm are found. Thus 
we have got prepared the connection iPN in the Finsleroid space at our disposal with an 
arbitrary input scalar H{x). 

Below we are interested in spaces of the dimension N > 3. The two-dimensional 
case has been studied in [8,9]. 



Chapter I. The Outhne 



I.l. Bcisic representations 

For a given function Finsler metric function F — F(x, y) we can construct the co- 
variant tangent vector y — {yi} and the Finslerian metric tensor {gij} in the conventional 

way: yi := {l/2)dF'^ /dy^ and Qij := dyi/dyK The contravariant tensor is defined 

by the reciprocity conditions Qijg^^ = Sf, where 6 stands for the Kronccker symbol. The 
indices i.j, . . . refer to local admissible coordinates {x*} on the base manifold M. We 
shall also use the tensor Cijk = {l/2)dgij/dy^ . By / we shall denote the unit vectors, 
namely, I — y/F{x, y), such that F{x, I) — 1. 

Let Ux be a simply connected and geodesically complete region on the indicatrix 
supported by a point x e M. Any point pair 1^1,^2 G can be joined by the respective 
arc A{x}{li-il2) C Ix of the Riemannian geodesic line drawn on Ux- By identifying the 
length of the arc with the angle notion we arrive at the geodesic-arc angle a[x}{yiiy2)-, 
where ?/i,j/2 G TxM are two vectors issuing from the origin G TxM and possessing the 
property that their direction rays 0|/i and Oj/2 intersect the indicatrix at the point pair 
Ui,U2 e Ux- We obtain 

(^{x}{yi,y2) = ||^{x}(^i,^2)||- (I-l-l) 
The coefficients iV^j = N^i{x,y) are required to construct the operator 

These coefficients are assumed naturally to be positively homogeneous of degree 1 with 
respect to the vector argument y- 
The derivative coefficients 

AT^ =^ iV^ . = ^ (113) 
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possess the identities 

^ nmV ni ^ nrajV nmiV'^ 0, A'^ nmj N njm- (■^■■^■^) 

The coefficients are used to construct the covariant derivatives 

VkF :— dkF, Vkl^ :— dkl'^ — N"^ kJ'^ , V^lj^ '■— dklm + N'^kmlh, (1.1.5) 

and 

knQmh ■ 

(1.1.6) 



The identities 



Vklmi — T^kgmn + IhN^kmn (^•l-'^) 



Qym - Qyn 

are obviously valid, together with 



where 



'^'^iCmnj + ^ imjOtn + N injQmt: (1.1.8) 



T^i^mnj ■ di^mnj ~l~ ^ ifimnt ~l~ im^tnj ~l~ in^mtj- (1.1.9) 

In addition to the Finsler metric tensor we shall use also the tensor 

hmn 9mn ^m^n (1. 1.10) 



which possesses the property hmnV^ — 0. The covariant derivative of this tensor will be 
constructed in the manner similar to (1.6), namely 

T^khmn ■ — ^fc^mn ~l~ kmhhn ~l~ knhmh- 

To deal with the two- vector angle a = Ci{x}{yi,y2), we merely extend the operator 
di in the separable way, namely 



= ^ + ^^(^'2/i)^ + ^^(^'?/2)^, yi,y2eT^M, (I.l.ll) 



|- + iV^(.,,,)^ + Ar^(.,,,)^ 

and introduce the covariant derivative V^a according to 

Via = dia. (1.1.12) 

In the Riemannian geometry we have the separable operator 

with the linear coefficients L'^i{x,yi) = —L'^ij{x)y{ and L^i{x,y2) = —L^ij{x)y^ obtained 
from the Riemannian connection coefficients 

L-, = a^, + 5^,-, (1.1.14) 
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where a"^ij — a^ij (x) stands for the Christoffel symbols constructed from the Riemannian 
metric tensor am„(a;) and S"^ij = S"^ij{x) is an arbitrary torsion tensor. Smij = —Sjim 
with Smij = o-rnhS^ij- When apphed to the Riemannian two-vector angle ^^^^.^"^(yi, 2/2) = 

0'mn{x)yTy2 where = \/amn{x)y'^y^ and 5*2 = \/a^^iJx)y^, the operator 
reveals the fundamental vanishing property 



c?r"«gr(yi, y2) = 0, yi, y2 e T,M. 

By analogy, one may assume that the Finsler coefficients N''i fulfill the separable 
angle-preservation equation 

Via = (1.1.15) 



to try developing the theory in which the properties 

VkF^O, Vklm^O, V^r^O, (1.1.16) 



together with the metricity 

Vk9mn = (1.1.17) 

hold fine. This metricity, taken in conjunction with the identities indicated in (1.7), just 
entails the vanishing 

lhN\mn = 0. (1.1.18) 

The following valuable implication can be deduced from angle by applying the 
coincidence- limit method exposed in Section 3.2 in [12]: In any Finsler space the vanishing 
assumption dia — of the separable type entails the equality 

Vihmn = jhmndiF (1.1.19) 

(take below the formula (1.29), keeping H — const). If we additionally postulate diF — 0, 
we obtain T>ihmn — and, therefore, V^g^n — . 

Thus, starting with the separable angle-preservation equation leads to the following 
implication: 



PRESERVATION OF ANGLE AND LENGTH =^ METRICITY, (1.1.20) 

that is, the two conditions d^a — and d^F — entail Vigmn — 0. 

When T>ig^n — 0, the identity (1.8) communicates the validity of the vanishing 

2 AC^n, + N'i^jgtn + N'i^jgmt = 0, (1. 1.21) 
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which in turn entails that, because the tensor Cmnj is totally symmetric, the tensor 

■^nimj ■ imjdtn 

must be totally symmetric with respect to the subscripts n,m,j: 

^nimj ^minj ^jimn ^nijmi (1.1.22) 



and whence 



where 



N^imn — ~T^iC^mn-i (1.1.23) 



7") rik J j^k _ AT-fc I Art ^fe I Art f^k 

'-^t^ mn • — Lii"-^ mn tt^ mn ~r -f' tm^ tn ~r -iv mt- 

With the representation (1.23), the vanishing (1.18) can be regarded as a direct implication 
of the identity y'^Cknj — shown by the tensor Cknj- 

Thus, in any Finsler space the two conditions dia — and diF — entail the 
representation (1-23) for the coefficients N^imn- 

By differentiating these coefficients with respect to and making the interchange 
of the indices m,j, and also noting that dN^i^nn/ dy^ — dN^ijn/ dy"^ — and 

Qyj Qym ~ \^ ""^^ ^ "■'^ ' 

from (1.23) we can arrive at the following vanishing after a short evaluation: 

'DiSn'jm = 0, where 3^% = {C\jC\i - C\,C\,) (1.1.24) 

However, there are no reasons to trust that the separable form (1.15) for the angle 
preservation is applicable in general to any Finsler space. For it might happen that 
the equation (1.15) doesn't permit any solution with respect to the coefficients N^'i — 
N^i{x,y). Indeed, the formula (1-24) tells us that the following proposition is true. 

Proposition 1. 1.1. One is entitled to hope to determine the coefficients N'^n of a 
Finsler space from the separable equation dia = supplemented by the condition diF — 
if only the Finsler space possesses the property T>iSn^jm — 0. 

Clearly, the vanishing T>iSn^jm — can be realized in but rare particular cases of 
the Finsler space. 

In this connection it can be of help to introduce a characteristic indicatrix scale R{x) 
in each tangent space to normalize the angle. If the volume Vj^ of the Finslerian indicatrix 
C T^M is finite, it is attractive to obtain the scale by the help of the equality 

Vx^ = C^iR{x) f-\ Ci = const . (1.1.25) 



In this case the R{x) has the geometrical meaning of the radius of the indicatrix supported 
by p. X. 
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In this respect, there is the deep quahtative distinction of the Finsler geometry from 
the Ricmannian geometry. Namely, in the latter geometry we have simply Vx^ = const, 
and whence R = const. The new reality that the value of Vx^ may vary from point to 
point of the background manifold M arises in the Finsler geometry, in which case the R 
may be a function of x. 

The R{x) thus appeared proposes naturally the scale factor in the tangent Ricman- 
nian space TZ{x} supported by the point x. 

This motivation suggests the idea to replace the above angle a^x}{yi,y2) by the 
normalized angle 

«{f/"^^?/i,?/2) ■.^H{x)a{,y{y,,y2), yi,y2eT,M, (1.1.26) 

where we have introduced the scalar H{x) = 1/R{x), to use the preservation equation 

d,a{f/^)>(l/i,l/2)-0 (1.1.27) 

instead of dia {x}{y 1,112) = formulated in (1.15). The preservation law (1-27) can be 
written in the recurrent form 

dia + —Hia = 0. (1.1.28) 
H 

The di is the operator (1.11) and Hi — dH/dx^. 

Since the angle a{x}{yi,y2) is measured by the indicatrix arc length, it seems quite 
natural to normalize the angle by means of the characteristic scale factor, according to 
(1.26). 

To elucidate patterns, it proves being of great help to apply the coincidence-limit 
method (see Section 3.2 in [12]). Namely, with the function E — {l/2)a^ the recurrent 
preservation djcc -|- {l/H)Hia — proposed by (1.28) entails the following ^'-equation 

dE , dE , dE 2 ^ 

TT- + N li T + ^ 21 T = HiE, 

ox^ dyi dy2 H 



where N'^u = N''i{x,yi) and N''2i = N^i{x,y2). Evaluating various partial derivatives of 
this £^-equation with respect to yi and y2 and finding the coincidence limits when y2 ^ yi, 
we can obtain a valuable information of the tensors of the Finsler space. Performing 
the required evaluations on the level of the second-order partial derivatives d"^ /dy^dy2, 
and, then, applying the operation y2 yi to the resultant expressions, it is possible 
to arrive at the general conclusion that in any Finsler space the vanishing assumption 
dia + [1/ H)Hia — entails the equality 

2 2 

T-^ihmn 'phfji^diF 'jjHihYfin- (1.1.29) 

The formula (1.29) has been derived in Appendix E in all detail by performing 
required long substitutions (see (E.37) in Appendix E). 

By differentiating the equality (1.29) with respect to y^, it is possible to obtain the 
coefficients N'^imn- In this way, when the vanishing diF = is also keeping valid, simple 
direct evaluations yield the representation 

N imn = 'zj^^~E'^ ^mn ~ T-^iC mm (1.1.30) 
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which extends the previous (1.23). The symmetry (1.22) is now replaced by 
t 2 1 i 2 1 

imjQtn ~^Hi — hjjijln — imnQtj i — H^nrJ' j ■ 

Instead of the vanishing (1.18) we obtain 

FN inmh — -JjHihmn- (1.1.31) 

The vanishing ViSn^jm = indicated in (1.24) is now extended, namely the above repre- 
sentation (1.30) straightforwardly entails the equality 

From (1.29) we can conclude that when diF = we have 

2 

T-^i9mn ~ 'jjHihrfin (1.1.32) 

at an arbitrary smooth function H — H{x). 

The equality (1.32) suggests us to introduce the total connection coefficients 

T\m = -N\m - ^Hihi, (1.1.33) 

so that the deflection tensor 

-N\^-T\^ (1.1.34) 



is non- vanishing as far as Hi ^ 0, namely 

A\m = ^H,h'^- (I-1-35) 

It follows that 

T^mV"" = -N^mV"" = -N'i, IkT^m = -kN^m- (1.1.36) 

There arises the total covariant derivative %, showing the properties 

riF = o, riim = o, 7;r = o, (1.1.37) 



and the metricity 

TiQnm = 0, (1.1.38) 



where 



HF — diF, Tilm — dilm — T^imlh, %l^ — dil"^ + T"^ ihl^ , (1.1.39) 
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and 

TiQnm d-i9nm imQhn inQhm 

In all the previous formulas started with (1.26), the H{x) was an arbitrary smooth 
scalar not related anyhow to the indicatrix curvature, the constancy of the indicatrix 
curvature was not implied, and the Finsler space was arbitrary. 

If the indicatrix of a Finsler space is a space of constant curvature at any point 
a; e M, we say that the Finsler space is the T^- space, where > 3 is the dimension of 
the space. 

The interest to the Finsler space J^^ is motivated by the following important observa- 
tions. Given an arbitrary Finsler space of any dimension > 3. The tangent Riemannian 
space 7^{a;} C T^M is conformally fiat if and only if the indicatrix C T^-M is a space of 
constant curvature, assuming naturally that the involved conformal multiplier is homo- 
geneous with respect to the argument y. The dependence of the conformal multiplier on 
the variable y is presented by the power of the Finsler metric function. The remarkable 
equality Cind. = ensues. These observations form the content of Proposition II. 2.1 
(formulated and proved in Section II. 2 of Chapter II), which extends Proposition 2.1 of 
the preceding work [10,11] in the following essential aspect. 

In [10,11], the assumption was made that the respective conformal multiplier is of the 
power dependence on the Finsler metric function, in accordance with the representations 
indicated in the formula (II. 2. 3) of Section II. 2. In proving Proposition II. 2.1 in Section 
II. 2, we outline the reasoning line which explains that the representations are actually the 
direct consequences of the property that the indicatrices are spaces of constant curvature. 

We say that the Finsler space J-"^ is indicatrix-homogeneous if Cind. = const. In this 
case, the deflectionless connection has been derived from the separable angle-preservation 
equation in the preceding work [10,11]. 

Alternatively, the Finsler space is said to be indicatrix-inhomogeneous if Cind. = 
Cind.(^). On this level, because of the equality Cind. = H'^: we have H — H{x) and ^ 0. 

On the indicatrix-inhomogeneous level of study of the Finsler space with diF — 
the separable preservation law for the angle is impossible to introduce. Indeed, the law 
entails the metricity T>igmn = of the deflectionless type (see (1.17) and the definition 
(1.6)), together with the representation (1.23) for the coefficients N^imn and the vanishing 
T^iSnjm = 0, where = {C'njC'hi - C^niC'hj) (see (1.24)). It is known that the 
indicatrix is a space of constant curvature if and only if the last tensor fulfills the equality 
Sn'^ij = C{hnjh^ — hjiih^j) with the factor C which is independent of y, in which case 
Cind. = 1 — C (see Section 5.8 in [1]). In the Finsler space J-"^, we have Ci^d. = H"^- The 
two vanishings Vigmn = and DiF = entail Vihmn = 0. Whence from ViSn'^jm = it 
follows that Hi = 0. 

If, however, we start with recurrent preservation law supplemented by the vanishing 
condition DjF = 0, then from (1.29) we have T>ihmn — —{'^1 H)Hihmn- Applying the 
covariant derivative to the tensor Sj^ij — C{hnjh\ — hnih'j) and taking into account 
that C — 1 — if^, after short evaluations we now arrive at the equality 

k k k 



(1.1.40) 
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which is equivalent to the imphcation written below (1.31). Thus, the following proposi- 
tion is valid. 

Proposition 1.1.2. The recurrent-type preservation (1.28) of the angle, that is, 

dia + {l/H)Hia = 0, is reconciled with the indicatrix-inhomogeneous Finsler space J-^ 
at any scalar H — H{x) obtainable from the identification Cind. — H^- 

The observations motivate us to go to the preservation law (1.27) which is not sep- 
arable from the standpoint of the indicatrix-arc angle a{x}{yi,y2), whenever H ^ const. 

In so doing, the coefficients iV™„ of the Finsler space J^^ are obtained to read (1.2.16) 
in Section 1.2. They don't involve explicitly the gradients If, however, we expand the 
partial derivatives d/dx"' which enter the right-hand part of (1.2.16), the coefficients will 
break down into two parts: 

N^n^N'^'n + N'^n, N^n^N^^H^. (1.1.41) 

Here, the ffist part N^"^n are the coefficients of the indicatrix-homogcncous case (given 
by the formula (2.30) in [10], and by the formula (2.36) in [11]) in which the constant H 
has been merely replaced by arbitrary H{x), and the vector field iV™ does not involve 
any gradient of H{x). We may say that the coefficients N"^n are of the linear dependence 
on the gradient 

The entailed coefficients N'^mn are given by the representation (II. 3. 32) of Chapter II 
which is applicable to any indicatrix-inhomogeneous Finsler space T^. It is also possible 
to evaluate explicitly the derivative coefficients N^mni — dN^mn/dy'^- The required evalu- 
ations lead straightforwardly to the validity of the representation (1.30) in the J-'^-space 
with an arbitrary smooth function H{x), provided the vanishing dnF = is assumed (see 
Proposition II. 3. 5 in Chapter II). 

Having evaluated the coefficients N^mn, we obtain from (1.33) the total connection 
coefficients T^im thereby solving the problem of finding the connection in the J-'^-space 
at the indicatrix-inhomogeneous level. The coefficients T^im involve the defiection ten- 
sor /S.^im indicated in (1.34) and (1.35). There arises the covariant derivative T, which 
properties are listed in (1.36)-(1.40). 

Section 1.2 gives a brief summary of Chapter II. 

The formula (1.2.16) indicates the representation of the coefficients N'^n which is 
valid for an arbitrary Finsler space of the type . The representation involves the vector 
field [/' which realizes the key transformation y = C{x,y) indicated in (1.2.1). Given a 
particular Finsler space of the type J-"^, the formula (1.2.16) yields the coefficients N"^n 
in a completely explicit way when the respective field W is known. 

The Finsleroid case to which Section 1.3 is devoted provides us with such an example, 
for the required field C/* is explicitly given, namely by means of the representation (1.3.20) 
(which was earlier found in Section 6 of [7]). Therefore, we can straightforwardly apply 
the developed theory of the J-''^-space to the metric function of the Finsleroid type. 
The expansion (1.41) for the respective Finsleroid coefficients N"^n has been evaluated. 
The exphcit representation of the entailed derivative coefficients N'^im is indicated. The 
respective validity of the representations (1.29) and (1.30) of the tensors Vihmn and N^imn 
on the indicatrix-inhomogeneous level of study of the Finsleroid space has been verified 
by direct evaluations presented in detail. 

Several Appendices are added in which numerous fragments of the underlined eval- 
uations have been displayed. 
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1.2. Indicatrix of constant curvature 

Let M be the base manifold, such that J-"^ = {M,F), where F = F{x,y) is the 
Finsler metric function and > 3 is the dimension of the space. If the indicatrix of 
a Finsler space is a space of constant curvature, we say that the Finsler space is the 
-space. Denote by Cind. the value of curvature of the indicatrix supported by the point 
X G M. If Cind. is a constant over the manifold M, we say that the space J^^ is of the 
indicatrix-homogeneous case. 

In general, the value Cind. iiiay vary from point to point of M, in which case we say 
that the space is of the indicatrix-inhomogeneous type. The possibility is character- 
ized by a function Cind. = Cind. (3:^) such that the derivative dCind./dx^ does not vanish 
identically. 

In such spaces, the transformation 

t/-C(x,y), y^yeT^M, (1.2.1) 

can be proposed which maps the tangent vectors y G Tr^M into the tangent vectors of 
the same tangent space T^M, subject to the following conditions. The transformation is 
non-linear with respect to y. Non-singularity and sufficient smoothness are implied. Also, 
the transformation is positively homogeneous of a degree H{x) regarding dependence on 
tangent vectors y. Each tangent Riemannian space TZ^^} — {TxM, g{x}{y)} is conformally 
transformed to Euclidean space, to be denoted by £{x}- The distribution of the last spaces 
S^x} over the base manifold M composes the associated Riemannian space, which we 
denote by TZ^ = (M, S), where S = \/ amn{x)y'^y'^ is the Riemannian metric constructed 
from the metric tensor a^„(a;) of the space £{x}- 

Under these conditions, the scalar H{x) can be taken from the identification 

Cind. = H\ (1.2.2) 

The equality 

S{x,y) = {F{x,y)f^^^ (1.2.3) 

arises (see (II. 2. 10)), which validates the indicatrix correspondence to the Euclidean 
sphere; S{x, y) = \J amn{x)y™-y"' . The relevant conformal multiplier is constructed 
from the Finsler metric function F, according to 

p = If^-^. (1.2.4) 

We take 1 > if > for definiteness, the extension of the approach to other values of H 
being a straightforward task. 

If f{x, y) is the involved conformal multiplier in the tangent Riemannian space 7^{a;}, 
then the equality 

g{x}{y) = fix,y)u{x}{y) 

should introduce the tensor u^xyiy) which associated Riemannian curvature tensor van- 
ishes identically. The function f{x,y) is assumed naturally to be homogeneous with 
respect to the argument y. Denoting the homogeneity degree of f{x,y) by means of 
2a{x), we just conclude that the difference 1 — a is exactly the homogeneity degree of the 
transformation (2.1) considered, that is. 



H =l-a. 
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The following assertions are valid. A Finslcr space is the J-'^-space if and only if the 
indicatrix of the Finsler space is a space of constant curvature. The dependence of the 
multiplier / on the variable y is presented by the power of the Finsler metric function F 
(see Proposition II. 2.1 in Section 2 of Chapter II). 

The respective two- vector angle Q!{a;}(yi, ^2) proves to be obtainable from the angle 
Q;r^j™(yi, 1/2) operative in the Riemannian space, namely the simple equality 



(see (II.2.51)-(II.2.52)) is valid. 

We locally represent the transformation (2.1) by means of the functions 

y' = y\x,t), r = r- (1-2.6) 

The homogeneity entails y'(x, kt) — h}^^y'^{x, t) with A; > and Vi, together with y^i" = 
(1/H)y'^, where 7/^ = dy^/df^. 
The definition 

{1/S)f ^ {l/F^'W (1-2.7) 

introduces the normalized vector, which is obviously unit: f/jf/* = 1 and Ui = aijUK 

The zero-degree homogeneity W{x,ky) = U\x,y) with A; > and Wt holds, entailing the 
identity U^y"^ — with 

dU' 1 . 1 

:= ^ = jwt^n - J^HU%, (1.2.8) 

where = df/dy'^. It follows that 

F''u':y1 = h], F^'Uly^ = SI - U%, UdJ^ = 0. (1.2.9) 

The vanishing 

/'dip \ 

U^U-^ + L^nU']^0 (1.2.10) 



dx 

holds obviously, where L^rik are the Riemannian connection coefficients (1.1.14). 
The representation (2.5) of the angle takes on the simple form 

aM(|/i,Z/2) = TT^arccosA, with A = a^„(x)t/f t/a"^ (1.2.11) 
rl[x) 



where C/f = U"'{x,yi) and = U'"{x,y2). 

When the recurrent preservation dia + {1/ H)Hia = proposed by (1.28) is applied 
to the angle given in (2.11), we obtain simply 

diX = 0, (1.2.12) 

where di is the separable operator (1.11). That is, the recurrent preservation law formu- 
lated for the Finsler J^'^ -space angle a^x} given by (2.11) is tantamount to the separable 
preservation law for the Euclidean angle Q!{^|™ — arccos A, whence to the separable preser- 
vation law (2.12). 
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The form of the right-hand part in the formula A = ajnn{x)U^U2 is such that the 
law (2.11) is obviously equivalent to the vanishing 

V^U' = (1.2.13) 

for the field t/* = W{x,y), where we introduced the covariant derivative 

VnU' ■.^dnU' + VnkU". (1.2.14) 

Since 

f)Tp 

(j IP = + Afk TP 

we arrive at the conclusion that in the J-'^-space, the coefficients N'^n can unambigu- 
ously be found from the equation dn {^H {x)a{x}{yi, 1/2)) = to be given explicitly by the 
representation 

(zj flTP \ 

(see (II. 3. 12) in Chapter II). Here, a^nk are the Riemannian Christoffel symbols; S^nk — 
S^nk{x) is an arbitrary torsion tensor, that is, the tensor possessing the skew-symmetry 
property Sink = -Skni, where Sink = ciijS^nk- 

Whenever dnF = 0, the representation (2.15) takes on the form 

r)F f c)JV \ 

(see (II. 1.19) in Chapter II). These coefficients N"'n present the general solution to the 
couple equations d„ (^H{x)a{x}iyi, Z/2)) = and d„F = 0, so that no problem of uniqueness 
of connection coefficients may be questioned. The entrance of the torsion tensor S'^i~n is 
the only freedom, in complete analogy to the connection coefficients of the Riemannian 
space. 

The evaluations performed in Section II. 3 of Chapter II have arrived also at the 
representation 

N^n = df'^^y'^ix, t) + ^HnV"" In F (1.2.17) 

(see (II. 3. 29) in Chapter II) which is alternative to (2.16); here, — y"^{x,t) are the 
functions (2.6). 

The representations (2.15)-(2.17) involve the gradient i7„ and are applicable to any 
indicatrix-inhomogcncous Finsler space . 

The coefficients N^mn can be evaluated from (2.16) to read 

'\ f)TP f)] 1 

N'n^n = -phl^ - l'^ - C'nsN^m + J {inhl - (1 - HtKs) N^m 

-ytF\-Q^ + L\sK) (1-2.18) 
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(sec Proposition II. 3. 4 in Chapter II). With these coefficients, the validity of the repre- 
sentation (1.30) for the entailed coefficients N^ij^^ can straightforwardly be verified (see 
Proposition II. 3. 5 in Chapter II). 

The space is obtainable from the Riemannian space TZ^ by means of the defor- 
mation y — C(x, y) (see (II. 2.1) in Chapter II) which can be presented by the deformation 
tensor 

:^pyl, (1.2.19) 

so that 

gmn = Cl^Ciuij (1.2.20) 

and the zero-degree homogeneity 

Cl{x,ky)^CUx,y), k>0,yy, (1.2.21) 

holds, together with the identity 

Cl{x,y)y^={F{x,y))'-''f (1.2.22) 

(see (II.2.24)-(II.2.27)). In Section II. 4 we show that the C-deformation is T-covariant 
constant: 

r-C = 0, (1.2.23) 



where T designates the covariant derivative introduced by the help of the formulas (1.1.33)- 
(1.1.40) (see Proposition II.4.1). 

Also, the covariant derivative T is the manifestation of the transitivity of the con- 
nection under the C-transformation, in short. 



r^C-V, (1.2.24) 

where V is the covariant derivative applicable in the background Riemannian space TZ'^ 
(see Proposition II. 4. 2). In other words, in the Finslcr space J-'^ the metrical non-linear 
angle-preserving connection is the C-export of the metrical linear connection (II. 1.2) 
applicable in the space TZ^ . 

In Section II. 5 we perform the attentive comparison between the commutators of 
the involved Finsler covariant derivative T and the commutators of the underlined Rie- 
mannian covariant derivative V, not assuming H = const, such that H{x) can be an 
arbitrary smooth function of x. In this way, we derive the associated curvature tensor 
p^"'ij. Important properties of the tensor are elucidated. 

1.3. Reduction to the Finsleroid space 

In the Finsleroid case, we make the notation change H{x) — > h{x). 
The scalar g{x) obtained through 



h{x) = \ll-^, with -2<g{x)<2, (1.3.1) 
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plays the role of the characteristic parameter. 
It follows that 

4h 

Qi = K (1-3.2) 

9 

where gi — dg/dx^ and hi — dh/dx^. 

We assume that in addition to a Riemannian metric y^aij{x)y''y^ the manifold M 
admits a non- vanishing 1-form b — bi{x)y^ of the unit length: 

aij{x)b'{x)V{x) = 1, (1.3.3) 

where b^{x) = a^^ {x)bj{x). The tensor a^^{x) is reciprocal to aij{x), so that a^a^"' — 5", 
where stands for the Kronecker symbol. We need also the quadratic form 

B^b^ + gbq + q^=(^b + ^gq^ + hY, (1.3.4) 

where 



q = Vrmny'V with = - (1.3.5) 

so that 

aij{x)yy = b^ + q\ (1.3.6) 



We shall also use the scalar 

X 



1/ G 1/ G L\ 

- — arctan h arctan — ) , it b > 0; X = t\''^ ~ arctan h arctan — ) , if o < 0, 

h\ 2 hb/ h\ 2 hb/ 

(1.3.7) 

with the function L = q + {g/2)b fulfilling the identity 



L2 + = B. (1.3.8) 

The definition range 

< X < -^TT 

is of value to describe all the tangent space. The normalization in (3.7) is such that 

x|,=,-0. (1.3.9) 
The quantity (3.7) can conveniently be written as 

X^lf (1-3.10) 

with the function 

/ = arccos — , (1.3.11) 

ranging as follows: 

< / < TT. (1.3.12) 
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The Finsleroid-axis vector 6* relates to the value f — 0, and the opposed vector —6* relates 
to the value f — tt: 

f^O ^ y^b; f^TT y^-b. (1.3.13) 
With these ingredients, we construct the Finsler metric function 

K^^/BJ, with J^e-hax (1.3.14) 
The normalization is such that 

X(x,6(a;)) = l (1.3.15) 

(notice that g = at = U). The positive (not absolute) homogeneity holds: K[x, 'yy) ~ 
•jK^Xjy) for any 7 > and all admissible {x,y). 

Under these conditions, we call K{x,y) the TTg^ -Finsleroid metric function, ob- 
taining the TTg ^-Finsler space 

FF^"" := {M; a,,(a;); h{x); g{x); K{x,y)]. (1.3.16) 



Definition. Within any tangent space T^M, the metric function K[x, y) produces 
the J-'J-'!^^-Finsleroid 



{y e ■■ v e t^m, k{x, y) < i}. 



(1.3.17) 



Definition. The JFTg^-IndicatrixXJ^^.^^^ C T^M is the boundary of the JFT, 
Finsleroid, that is. 



PD 
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^^g{i} {y e XF^li^ : y e T,M, K{x, y) = 1}. 



(1.3.18) 



Definition. The scalar g[x) is called the Finsleroid charge. The 1-form b — bi{x)y^ 
is called the Finsleroid-axis 1-form. 

The entailed components yi := {l/2)dK^/dy^) of the covariant tangent vector y — 
{yi} can be found in the simple form 



Vi = {Ui + gqbi)J'^, 



(1.3.19) 



where Ui = aijy^ . 

Let us elucidate the structure of the coefficients N^m in the Finsleroid case proper. 
From (6.26) of [7] it follows that the quantity = {1/ K^)y'^ can explicitly be given by 



where — y^ — bU. So we have 



hv'+[b+-gq]V 



(1.3.20) 



g , I 1 1 1 ,H . 



or 



dg 



-qU 



Since 



1 



U'qh. 



(a consequence of the homogeneity involved) and 



91 \y 



B 



(see (D.12) in [7]), we can straightforwardly evaluate the contraction 



h„,m 



Using the equality 



1 



b+-gq] =B-hY 



(see (3.4)) leads to the representation 



dg Ah'^ \ 2 



b+=;9q]b"^- ^-^{q^y^^ ' (b + \9q] {b + 9q)y 



ABh 



AK^B 



+ -q 



which can be simplified as follows: 



b'-[l-j)-^{b + gq)y- (l - ^ 



so that 



h„,m 
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By comparing this result with the representation 



2 qK L J 



(see (A. 27) in [7]), we come to 



. ^dW 1 q f I \ K 



(1.3.21) 



sum 



Therefore, in the Finsleroid case the coefficients N^i proposed by (1.2.16) are the 

N\ = + N\, N\ = N^Qi, (1.3.22) 



where 



with M coming from 



dg 



(1.3.23) 



(1.3.24) 



The torsion tensor S'^ij = S^ij{x) has been neglected. The A^^'^^ are the coefficients (6.48) 
of [7] ( they can also be found in [10,11]), namely. 



N 



Ik 



b-^ U+^gq] ] 7]'''- 



(1.3.25) 



They don't involve the gradient gi. The tensor 



1 



^kn ^ ^kn _ ^k^n _ ^k^n 

enters the representation. This tensor obeys the nullification 



(1.3.26) 



(1.3.27) 



The designation Vi stands for the Riemannian covariant derivative constructed with the 
help of the Riemannian Christoffel symbols a'^ij — a^ij {x) . 

The N^^i are the coefficients N^i obtained when the condition h — const which 
specifies the indicatrix-homogeneous case is postulated. 

For the coefficients 
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the representation 



+ T^^^l^ f- + la] ^^A^A^ - \g^Mhl + h^N\ (1.3.28) 



/i2^'25 Vg NgNg " 2^' X 



is obtained (see Appendix A). 

Using (3.28) we find straightforwardly that 



For the coefiicients 



imn 



9y" 

the representation 



^ imn — e^i odi T^hjfml i o9i tnn (1.3.30) 

2/i^ K gh^ K 

can exphcitly be derived (see Appendix A); A''^^ = KC^^n. 
The full coefficients read 

2 1 1 

. — _h I'^h jyA'^ 

(see Appendix A). Thus in the Finsleroid case proper we have straightforwardly verified 
the vahdity of the representation (1.30). 

Chapter II. Phenomenon of indicatrix of constant curvature 

with Cind. = Clnd.(^) 



II. 1. Motivation 

In any dimension > 3 the Finsler metric function F geometrizes the tangent bundle 
TM over the base manifold M such that at each point a; G M the tangent space T^M 
is endowed with the curvature tensor constructed from the respective Finslerian metric 
tensor g{x}{y) by means of the conventional rule of the Riemannian geometry considering 
y to be the variable argument. There arises the Riemannian space TZs^^} — {TxM, g{x}{y)} 
supported by the point x E M such that T^M plays the role of the base manifold for the 
space. We call TZ^^} the tangent Riemannian space. 

Given an A^- dimensional Riemannian space TZ^ = {M,S), where S denotes the 
Riemannian metric function, one may endeavor to obtain a Finsler space — (M, F) 
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by applying an appropriate transformation C to tangent spaces. The base manifold M is 
keeping the same for both the spaces, TZ^ and J-"^. 

We assume that the transformation C is restrictive, in the sense that no point a; e M 
is shifted under the transformation, so that in each tangent space T^M the deformation 
maps tangent vectors y e T^M into the tangent vectors of the same T^M: 

y = C{x,y), y,yeT,M. (II.l.l) 

In general, this transformation is non-linear with respect to y. Non-singularity and suffi- 
cient smoothness are always implied. 

We may evidence in the Riemannian space 7^^ the metrical linear Riemannian con- 
nection TZL, which in terms of local coordinates {a;*} introduced in M is given by 

TZL — U^ij} : j — —U^jiy^, L^ij — aJ^ij + S"^ij, (II. 1.2) 

where a"^ij = a"^ij{x) stands for the Christoffel symbols constructed from the Rieman- 
nian metric tensor amn{x) of the space TZ^ and S"^ij = S'^ij{x) is an arbitrary torsion 
tensor. Smij = —Sjim with S^ij = dmhS^ij- The respective covariant derivative V can be 
introduced in the natural way. Namely, considering the (l,l)-type tensor W^{x,y) on the 
tangent bundle associated to the space TZ^ , we can take the definition 

^iW^m = + L^hiW'm - L^miW\, (II.1.3) 



which involves the action of the operator 

In the tangent Riemannian space TZ{x} we can construct from the metric tensor 

9ij — Qiji^-iV) ^1^6 curvature tensor R{x} — {Rn^ij{x,y)} by the help of the ordinary 
Riemannian method, regarding {y*} as variables. Namely, we obtain the representation 



'm 



ij — "T ni^ hj nj^ hi- 



Since dC'^ni/dy^ - dC^^jldy' = -2 {C\iC^hj - C\jC^hi) , we have simply 

1 



p rn ^ Q m 



where 



T m 
'n ij 



( /~ih /~im /~ih /~im \ 77i2 

\y nj^ hi~ ^ ni^ hj) ^ ■ 

The tensor Sn^ij describes the curvature of indicatrix (see Section 5.8 in [1]). 
We need the metrical non-linear Finsler connection J^N, such that 

J^N = {7V^,T™,} : TV- = TV™ (a;,?/), T^,- = ,(a;,|/), (II.1.5) 

where the objects N"^i{x, y) and T"^ij{x, y) are to depend on the variable y in an essentially 
non-linear way. The adjective "metrical" means that the action of the entailed covariant 
derivative on the Finsler metric function, and also on the Finsler metric tensor, yields 
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identically zero. The coefficients N'^i and T'^ij are assumed to be positively homogeneous 
regarding the dependence on vectors y, respectively of degree 1 and degree 0. 

In the Riemannian limit of the Finsler space, the spaces TZ{x} are Euclidean spaces 
and the tensor g{x}{y) is independent of y. The conformally fiat structure of the spaces 
TZ{x} can naturally be taken to treat as the next level of generahty of the Finsler space. 
Can the metrical connection preserving the two- vector angle be introduced on that level? 

The deformation of the Riemannian space to the Finsler space proves to be the 
convenient method of consideration to apply. Namely, when the Riemannian space can 
be deformated to the Finsler space characterized by the conformally fiat structure of the 
spaces TZ{x} the positive and clear answer to the above question can be arrived at. The 
respective conformal multiplier is shown to be a power of the Finsler metric function. 

We shall evidence the phenomenon that the used non-linear deformation 

TN^C-TZL (II. 1.6) 

of the Riemannian connection yields the Finsler connection J^N which preserves the Fins- 
lerian two- vector angle a{x}{yi,y2)- 

II. 2. Key observations 

Below, any dimension > 3 is allowable. 

Let M be an A^-dimensional C°° differentiable manifold, TxM denote the tangent 
space to M at a point x G M, and y G Tj,M\0 mean tangent vectors. Suppose we are 
given on the tangent bundle TM a Riemannian metric S. Denote by TZ'^ = (M, S) the 
obtained A'"-dimensional Riemannian space. Let additionally a Finsler metric function F 
be introduced on this TM, yielding a Finsler space J-"^ = (M, F). We shall study the 
Finsler space can be specified according to the following definition. 

INPUT DEFINITION. The Finsler space J"^ under consideration is the deformated 
Riemannian space TZ^: 

^C- 7^^, (II.2.1) 

specified by the condition that in each tangent space TxM the metric tensor g{x}{y) 
produced by the Finsler metric is the C-transformation of the tensor which is conformal 
to the Euclidean metric tensor entailed by the Riemannian metric of the space 7^^. It 
is assumed that the applied C-transformations (1.1) do not influence any point x E M 
of the base manifold M and that they are sufficiently smooth and invertible. It is also 
natural to require that the C-transformations (1.1) send unit vectors to unit vectors: 

IF{x} = C-S{x}. (11.2.2) 

Additionally, wc STibjcct the C-transformation to the condition of positive homogeneity 
with respect to tangent vectors y, denoting the degree of homogeneity by H. 

If f{x, y) is the involved conformal multiplier in the tangent Riemannian space TZ^^x}-, 
then the equality g!^x}{y) = f{x-,y)'U{x}{y) should introduce the tensor U{x}{y) which asso- 
ciated Riemannian curvature tensor vanishes identically. The function f{x,y) is assumed 
naturally to be homogeneous with respect to the argument y. Denoting the homogeneity 
degree of f{x, y) by means of 2a(x), we just conclude that the difference 1 — a is exactly 
the homogeneity degree of the transformation (2.1) considered, that is, H — 1 — a. 

The following proposition is valid. 
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Proposition II. 2.1. A Finsler space is the J-''^ -space if and only if the indicatrix of 
the Finsler space is a space of constant curvature. The dependence of the multiplier f on 
the variable y proves to he presented by the power of the Finsler metric function F , such 
that 

5w(?/)=pV}(y)' P = ci(x)(F(x,y)r("\ ci(x)>0. (II.2.3) 
The equality Cind. — H"^ ensues. 

The proposition is of the local meaning in both the base manifold and the tangent 
space. 

Proof. Given an arbitrary Finsler space of any dimension > 3. The tangent 
Riemannian space 7^{^} is conformally fiat if and only if the indicatrix is a space of 
constant curvature. Indeed, in dimensions > 4 the conformal flatness holds if and 
only if the respective Weyl tensor Wijmn vanishes identically. By evaluating the tensor 
and considering the direct implications of the contraction vanishing Wijmnl^l^ — 0, we 
immediately obtain the representation Snmij = C {hnjhmi — hnihmj) which is characteristic 
of the constancy of the indicatrix curvature. In the dimension > 3, the conformal 
flatness of the space TZ{x} is tantamount to the identical vanishing of the respective Cotton- 
York tensor. Considering the vanishing attentively leads again to the representation 
Snmij — C{x){hnjhmi — hnihmj)- These observations prove the first part of Proposition 
II. 2.1. All the involved computations are explicitly represented in Appendix B. 

To get the required conclusions concerning the form of the respective conformal 
multiplier we can start with the tensor y){ci{x)) "^F '^"'^^^Qij, where 2; is a test 

smooth positive function homogeneous of the degree zero with reject to the argument 
y. We evaluate the respective curvature tensor R^x} and assume R^x} = to determine 
the tensor Sn^ij = {C^njC'^hi ~ C^niC^hj) F'^. After that, we consider the imphcations 
of the vanishing Sn^ijl"^^ — and arrive at the representation 

Snmij 0(2 d^ihnjhmi hnihmj^ + F — —(^ZfiQ Zg^ (^hnjhmi hnihmj^ 



a — 1 



where Zk — dz/dy^. The tensor Sn^ij must obviously possess the property SnmijV" — 0. 
Therefore, we must fulfill the equation (a — l){^Znhnij — Zmhnj) = 0. Because of a 7^ 1, 
we can take only Zn = 0, which means that the function z is independent of y. Without 
any loss of generality we can take z = 1. Thus we have proved the second part in 
Proposition II. 2.1. Prom the above representation of the tensor Snmij we just obtain 
Cind. = 1 — cl{2 — a) = (1 — ay. Since the difference 1 — a is equal to H, the identification 
Cind. — is valid. All the computations which are required to trace the validity of the 
formulas exposed can be found in Appendix C. Proposition 11.2.1 is valid. To have the 
equality S{x,y) = {F{x,y))^^^\ we make the choice Ci = 1/H. 

Let the C-transformation (1.2.1) proposed in Chapter I be assigned locally by means 
of the differentiable functions 

y^^y^{x,y), (II.2.4) 

subject to the required homogeneity 

y'^ix^ky) = k^'rix^y), k > 0,Vy. (II.2.5) 
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This entails the identity 

where = dy'^/dy^. FulfiUing (2.1) means locally 

9mn{x,y) = Cij{x,y)yl^yi, Cij{x,y) ^ {p{x,y)f aij{x). (II.2.7) 



If we contract this tensor by and use the homogeneity identity (2.6), we obtain the 
equality 

H{x) S{x,y) 

On every punctured tangent space TxM\0, the Finsler metric function F is assumed 
to be positive, and also positively homogeneous of degree 1: 

F{x, ky) — kF{x,y), k > 0,\/y. 

The entailed Finsler metric tensor is positively homogeneous of degree 0. Therefore, to 
comply the representation (2.7) with the stipulation (2.3), we must put 

H = l-a. (II.2.9) 

With this observation, comparing (2.3) with (2.8) yields the equality 

c^S = ^F^. (II.2.10) 

To comply with the indicatrix correspondence (2.2), we should put Ci = l/H, which leads 
to the equality -S" = F^ indicated in (1.2.3). 

Denote by 

y'^y'{x,t), r = r, (n.2.11) 
the inverse transformation, so that 

y\x,kt) ^k^l"y\x,t), k > 0,Vt, 

and 

?/X = (n.2.12) 

where = dy^dt^. The inverse to (2.7) reads: 

gkhy^Vn = Cmn- (II.2.13) 

The following useful relations can readily be arrived at: 



F^ 

Vmyn 



and 



^ tn = ^F^^'-"hn, tn^anht\ (II.2.14) 
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where tj — and = dy'^ /d]/-. Alternatively, 

tnt = ^ HF^^^-')y^ (II.2.15) 

and 

tht'LVi + o^hit^'n = m - l)F-%y^ + HP'^^^'-^^g^^yl (II.2.16) 



where = dt^/dy'^. We may also write 

tht, - H{1 - i^)F2(^-i)(^„, - 2U). (11.2.17) 
Prom (2.13) it follows that 

QumVi — P ^ii'^iji Uhp^n ~ ~yp^nvyh- 

Differentiating (2.7) with respect to y'' yields the following representation for the 
tensor Cmnk = {l/2)dgmn/ dy^- 

ICmnk = (1 - E)'^hg^^ + v\t'raA + C4)«i.-- (II.2.18) 

Contracting this tensor by y^ results in the equality 

pHi^kt'ciij = - 1) (^fc- - ^fc^-)' (II.2.19) 

where the vanishing Cmnuy^^ = and the homogeneity identity (2.6) have been taken into 
account. 

Symmetry of the tensor Cmnk demands 

(1 - H)^{kgmn - lm9kn) +p'(C4 " 4^D«ii = 0, (II.2.20) 

SO that we may alternatively write 

Cmnk = (1 " H) — [lkgmn + InQmk — ImQnk) + P^tm^nk'^ij- (II. 2. 21) 

r 

Contracting the last tensor by g'^^ yields 

2 

-H) 

from which it ensues that 



2Cm = (1 - H)jlm + g'^VKktL + tVlk^ij = ^Cmnkg""', 



2Cm = (1 - H)^lm + 2g-'pX,tia,j + rt'(^;C. - KAk)<^iJ, 



or 



2 2 

2Cm = (1 - H)-lm + 2g"^pXjifl,j - (1 - H)g''^-{lmgnk - lngmk)aij. 

It is also convenient to use the representation 
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FCm = -{N - 2)(1 - H)l^ + Fg-'^pX.tlaij. (II.2.22) 
Since — pHl^aijg'^'^ , we can write 

FC"" ^ -{N - 2){l - H)r + Fg^'Hi.kyr- (II.2.23) 

The space is obtainable from the Riemannian space TZ^ by means of the defor- 
mation which, owing to (2.7), can be presented by the conformal deformation tensor 



so that 



c:^ ■■=pyln. (n.2.24) 

9mn — Clyfi^^ttij. (II. 2. 25) 



The zero-degree homogeneity 

CUxM)-CUx,y), k>0,yy, (II.2.26) 

holds, together with 

Cl{x,y)y^^{F{x,y)f-"y\ (II.2.27) 

The indicatrix correspondence (2.2) is a direct implication of the equality S = . 
We may apply the transformation (1.1) to the unit vectors: 

l^C-L: l'^y\x,Ly, L ^ Q-^ ■ I : V^f{x,l), (II.2.28) 

where T = y^F^x, y) and U — f/S{x, t) are components of the respective Finslerian and 
Riemannian unit vectors, which possess the properties F{x,l) = 1 and S{x,L) — 1. We 
have L"* = t'^{x, I). On the other hand, from (2.7) it just follows that 

gmn{x, I) = ■^aij{x)ti^{x, l)t{{x, I), (II.2.29) 
so that under the transformation (2.28) we have 

gmn{x, l)drdr = -^aij{x)dVdU. (II.2.30) 
H 

Note. The deformation performed by the formulas (2.24) and (2.25) is unholonomic, 
in the sense that 

The vanishing appears if only the factor p — F^"^ / H is independent of the vectors y, 
that is, when H = 1 (which is the Riemannian case proper). Regarding the y-dependence, 
the tensor is homogeneous of degree zero, in accordance with (2.26). If we divide the 
tensor by p, we obtain from (2.24) the tensor yl^ which is the derivative tensor, namely 
= dy'^/dy"^. However, such a property cannot be addressed to the tensor C^. It is 
the reason why we start with the stipulation that the underlined transformation (which 
is downloaded locally by the formulas (2.4)-(2.7)) be homogeneous of the degree H with 
respect to the variable y. By proceeding in this way, it proves possible to come to the 
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conformal representation (2.30) of gmn{x, l)dl"^dl"' which is of the key significance to obtain 
the angle and the connection coefficients. 

No support vector enters the right-hand part of (2.30). Therefore, any two nonzero 
tangent vectors yi,y2 e T^M in a fixed tangent space T^M form the T'^ -space angle 



1 



where the scalar 
A 



S1S2 



a{x}{yi,y2) = -^^arccosA, 



with t^ = r(x,yi) and = t"*(x, ^2), 



(II.2.32) 



(II.2.33) 



is of the entire Ricmannian meaning in the space n^; the notation Si = y/a^^ijxjt^ 
and 5*2 = 



/am„(x)t2"^2 has been used. 
From (2.33) it follows that 

dX Q-mri,*^! ^2 



S1S2 



S1S2 



_|_ ^m_2. 



SiSi 



dx' 



+ 



S2S2 



a .f^f^ -\- On ""^ 



dx' 



where amn,i = damn/dx\ and 



9A 

dy\ 



n r? 



A 



9A 



S2S1 S2S2 



A 



J. TO 



When the recurrent preservation 

dia + {l/H)Hia = 

proposed by (1.1.28) is applied to the angle given in (2.32), we obtain simply 

diX = 0, (II.2.34) 

where di is the separable operator (1. 1.11). That is, the recurrent preservation law formu- 
lated for the Finsler J^^ -space angle (2.32) is tantamount to the separable preservation 
law (2.34) for the Euclidean angle arccosA. 
We note also that 



= FigfK,yi^ 



dyl 



dyl 



„nhj. i 



t2i 



t 



li 



S1S2 SiSi 



■X 



II. 3. Derivation and properties of the coefficients N'^n in the J'^-space 

Let us start from (2.11) and introduce the vector [/* = U\x,y) according to 



(II.3.1) 
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which is obviously unit: 

UiW = 1, Ui^ UijW. (II.3.2) 



The zero-degree homogeneity 

U\x,ky) = U\x,y), k > 0,\/y, (II.3.3) 
holds, entailing the identity 



where 



C/;y" = 0, (II.3.4) 



^n---^- jn^n - jHun,,- (n.3.5) 



From (2.14) it follows that 

F"U^yl = hi F^'Uly^ = 6^ - U%, U.U^ = 0. (II.3.6) 



The vanishing 



U^id^ + L'>^nU' ) = (II.3.7) 



holds obviously, where L\n — L'^kni^) the Riemannian connection coefficients ap- 
peared in (1.2). 

The representation (2.33) takes on the simple form 

A = amn{x)UrU^, (II.3.8) 



with 

C/r = C/-(x,yi), U^^U"^{x,y2). (II.3.9) 

The form of the rght-hand part in the formula (3.8) which represents the scalar A 
is such that the preservation law diX — written in (2.34) is obviously equivalent to the 
vanishing 

V^U' = (II.3.10) 
for the field C/' = C/'(x, y), with the covariant derivative 

V^U' := dr^U' + L\kUK (II.3.11) 

Since 



we obtain the representation 



(}-f f)F^ f)IP \ 



which was indicated in (1.2.15). 
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We have arrived at the following proposition. 

Proposition II. 3.1. Given an arbitrary smooth function H{x), the angle preserva- 
tion equation (i„Q; + {l/H)Hna — in the -space entails the representation (3.12) for 
the coefficients N^^. 

By differentiating (3.10) with respect to y"^ we may conclude that the covariant 
derivative 

VnUi, -.^dnUi^-D'^nmUi + VnlU'^, D\m ^ -N\m, (11.3.13) 

vanishes identically: 

-DnU'm = 0. (II.3.14) 

Below, we shall assume that 

d„F = 0. 

Using f — F^W together with 

VJ' -.^dJ + Uu^t^ (II.3.15) 

from (3.10) we find 

VJ,' = t'Hn\nF. (II. 3. 16) 

Differentiating (3.16) with respect to y'^ leads to the conclusion that the covariant 
derivative 

P„4 :=(i„4-D\^f, + L^X (II.3.17) 

possesses the property 

P„C = (C In F + flm^ Hn. (II.3.18) 
With p = {1/H)F^-^ from (3.18) we get 



^n(pC) = -jjH^htti. (II.3.20) 



so that, 

Consider (2.7): 

9mnix,y) ^pHl^tl^aij{x). 

We obtain 

Using tht';, = HF'^^^-^^yn (see (2.34)) leads to 

2 1 

Vkgmn = - — Hkgmn+p''lmHkHF^^"-^^n+p'^CtnnjHkaij. 

In this way we arrive at the following result after the direct evaluations performed. 
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Proposition II. 3. 2. Given an arbitrary smooth function H(x) in the J-^ -space, 

the angle preservation dna + {l/H)Hna = taken in conjunction with the preservation 
dnF = of the metric function entails that the covariant derivative of the metric tensor 
reads 

2 

T^kgmn = - JjHkhmn- (II. 3. 21) 

Now, we contract (3.19) by yll\ getting 

y",^VJl = y^dJl - D\^y^tl + L\, = (^51 In F + t%j^^ H^. 

Since y^tj = 6j, the previous identity can be transformed to 

Contract this equality by yj , obtaining the equality 

dnVi + D^mVk - ^nkVi = - (^|/^ In F + y%j^^^ H^, (II.3.22) 
which can be written simply as 

dn i-yi] + T^nrnVT- ' ^nkVl' = 0, (II.3.23) 
\P J P P 

where T\m ai'c the coefficients introduced in (1.1.33). Taking into account the represen- 
tations (3.15)-(3.16) together with the identity 



ensuing from the homogeneity, the equality (3.23) becomes 

dT"^ i-vi] + T^mVT- - I^nkVl- = 0. (II.3.24) 
\P J P P 

We have used the Riemannian operator d^'^^' introduced in (II. 1.4). 
We know that 

^Riem^fc + L^^r = 0. (II.3.25) 
Therefore, contracting (3.24) by t'^ yields 
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Here we have 

Hp^F'-"" ^S'/''^, (II.3.27) 



S 

so that 

We arrive at the following proposition. 

Proposition II. 3. 3. With an arbitrary smooth function H{x), in the J^^ -space 
with dnF — the representation 

N^n = df^^y^{x, t) + 4^"?/" In F (II.3.29) 

written by the help of the Riemannian operator dj^"^™ is valid. 

The derivative coefficients N^ran = dN^m/dy^^ can straightforwardly be evaluated 
from the coefficients N^m written in (1.2.16). We obtain 

Ark ^ uk ik f k j.v ki A t^H ( rh tts 



Owing to (3.10)), we have 



SO that using (3.6) we observe that the coefficients N^mn are equal to 



or 



^ Uk ik ^^n uv^.k.i ATS , ^ uki ats ^.kjpH f^^^n , rh tts 



where the relation 

has been used. 

From (2.21) we have 

P ^mfnk^V ^mnk (1 H) — (l]fg^n + InQmk lm9nk)-i 
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which is 



We obtain 



and 



QmvUjtnk — ^mnk (1 -^^) ^ (^fcfl'mn ~l~ ^nfl'mfe ^m9nk)- 



y^ti, = - (1 - + IJ': - I'gn.) (II.3.30) 



/i^yl^L = C^, - (1 - i/)-^(in/i^ - I'hns). (II.3.31) 



In this way we come to the representation 



k _ ^ uk ik ^^n ( /I TT\ 1 n uk ikr, \\ ats , ^ vki ats 



ff'^n = -jKg-;; - I'g^ " [C\. " (1 " H)-(lnh'. - l'h„.) 1 iV'„ + jh',l„N 



The eventual result reads 



- ylF"" [q^ + L\sK) . (II.3.32) 
Thus we can formulate the following assertion. 

Proposition II. 3.4. With an arbitrary smooth function H{x), in the J^'^ -space 
with dnF — the coefficients N^mn can be given by means of the explicit representation 
written in (3.32). 

We are also able to evaluate the entailed coefficients N^mni = dN^mn/dy^- The 
required evaluations which have been presented in detail in Appendix D lead straightfor- 
wardly to the representation 

k 2 1 ^ 

mni — ^"^"^^^ ^™ ~ ni- (II. 3. 33) 

Thus we can formulate the following assertion. 

Proposition U.S. 5. Given an arbitrary smooth function H{x), in the T^-space 
with dnF = the coefficients N^rani admit the simple representation (3.33) in terms of 
the covariant derivative of the tensor C'^ni. 

II. 4. Properties of covEiriant derivative 

The equahty (3.20) can be written in the form 

7;(pC) = (II.4.1) 
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with 

-nbC) = d,{pt^) - T\^pt^ + L^aPtl (II.4.2) 

where T^m are the coefficients (1.1.24). If we contract the last vanishing by y" and note 
that lly'^ = (see (1.1.37)), we get 

Ti{Hpt^) = 0, (II.4.3) 

where 

Ti^Hpn = d,{Hpr) + L'^^kHptK (II.4.4) 

We may write 

Ti{Hpf^) = f^di{Hp) + HpVif^, (II.4.5) 

where Vit"^ = dit"" + L^ikt^. 

Owing to the equahty = pt^ (see (2.24)), from (4.1) we are entitled to formulate 
the following proposition. 

Proposition II.4.1. The C- deformation is T-covariant constant: 

r-C = 0. (II.4.6) 

In terms of local coordinates the previous vanishing reads 

TnC^ = 0, (II.4.7) 

where 

TnC^ = dnCr - T\kC^ + U\iCi. (II.4.8) 
The reciprocal coefficients 

n 

m — _ 
P 

fulfills the similar vanishing 

= 0, (II.4.10) 

where 

r„cr = df-^c]: + T^nhCt - L\kCr (11.4.11) 

(see (3.23)). 

Let us realize the action of the C-transformation (2.1)-(2.2) on tensors by the help 
of the deformaton 

{w{x,y)}^C-{W{x,t)}, (II.4.12) 



C!^ = -C (n.4.9) 



assuming that the tensors {w{x,y)} are positively homogeneous of degree with respect 
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to the variable y, and that the tensors {W{x,t)} are positively homogeneous of degree 
with respect to the variable t. Namely, in the scalar case we use the identification 

w{x,y) ^W{x,t), (II.4.13) 

obtaining merely 

diw = d^'^'^W (11.4.14) 

(because of the vanishing ViU^ = indicated in (3.10)-(3.11)), where rff^'^™ is the operator 
defined by (11.1.4). Given a tensor Wn{x,y) of the type (0,1) we use the transformation 

Wn = C-iy^. (II.4.15) 

The metrical linear connection TZL introduced by (1.2) may be used to define the covariant 
derivative V in TZ^ according to the conventional rule: 

which can be written shortly 

WiWm = df'^^Wm - L^mWh. (II.4.17) 

We have 

ViS^O, Vit^^O, ViUmn^O. (II.4.18) 

By virtue of the nullification T^C™ ~ shown in (4.7), we obtain the transitivity 
property 

= C^ViWm (II.4.19) 

for the covariant derivatives. 

The method can be repeated in case of the covariant vectors w'^{x, y) and W'^{x, t), 
namely we write 

= C^W^, (II.4.20) 

obtaining ^ 

Jlw"" = C^^^.W^, (II.4.21) 

where the reciprocal coefficients C,^^ = {l/p)ym defined by (4.9) have been arisen. 

The method can also be extended to more general tensors in a direct manner. For ex- 
ample, considering the (l,l)-type tensors {w^{x, y), W^{x, t)} of the zero-degree positive 
homogeneity with respect to the variables y and t, we can use the covariant derivative 

^ (II.4.22) 
and the deformation 

w^m = CJIC!^W\ (II.4.23) 

to obtain the transitivity property 

TiW^m = Cj:CtViW\ (II.4.24) 
for the covariant derivatives % and Vj. 
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Now we may formulate the following proposition. 

Proposition II.4.2. The covariant derivative T is the manifestation of the transi- 
tivity of the connection under the C -transformation. 

In short, 

r = C-V. (II.4.25) 
II. 5. Entailed curvature tensor 

Henceforth, the torsion tensor S'^ij (entered the initial connection (1.2)) is not ac- 
counted for. 

Given a tensor w^k — W^k{x, y) of the tensorial type (1,1), commuting the covariant 
derivative 

Hw^'k ■.= diW^k + T^ihw\-T^kw\ (II.5.1) 

yields the equality 

[717- - 7-7-] w\ = M^,-^ - Ek\,w^h + En'',^w\ (II.5.2) 

with the tensors 

M%- ■.^diN'^j-djN''i (II.5.3) 

and 

TP n J rpn J rpn _i_ rpm rpn rpm rpn /TT C, /I'l 

-^k ij ■ "'i-' jk "'j-' ik I -'■ jk-'- im J- ik-'- jm- yLL.O.^) 

By applying the commutation rule (5.2) to the particular choices {F, y", yj^, and 
noting the vanishing {TiF — Tiy"' — Tiyk — TiQnk = 0}, we obtain the identities 

ynM^ij = 0, y'^Ek'^ij = -M",,-, y^^Ek^^j = M^ij, (II.5.5) 

and 



Emnij + Enmij — '^CmnhM^ij with Cmnh — T, ci..ft " (II. 5. 6) 



1%) 

2 dy^ 

It proves pertinent to replace in the commutator (5.2) the partial derivative dw'^k/dy^ 
by the definition 

Shw\ ■.^-^ + C\,w%-C"'n,w^m (11.5.7) 

which has the meaning of the covariant derivative in the tangent space supported by the 
point X & M. In particular, 

ShQnk C'^hnOmk ~ C^hkgnm — 0- 

With the curvature tensor 

Pk^ij '■— ^k^ij — M^ijC^hk, (II. 5. 8) 

the commutator (5.2) takes on the form 

(717^ - 7^71) w\ = M^,■5^w\ - + Pt^ijw'^k. (11.5.9) 
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We denote Pj^.^^- = gmnPk^ij- The skew-symmetry 

Pmnij Pnmij 

holds (cf. (5.6)). 
The equahties 

obviously hold. 

Let us evaluate the tensor M'^jj, using the coefficients 



9xJ 



(II.5.10) 



(II.5.11) 



indicated in (1.2.16). 
We directly obtain 



^ F 'dx^ F ^dx' dx^ ^ dx' 



njpH 



-ylF 



(^L^kj _ dL^ki \ Jjk j^h 

dx"^ dx^ 



kj 



~ ki 



dx^ 



dx^ 



-ylF 



'dx^ 



' ^ dx' 



Using here the Riemannian curvature tensor 



n ^ — 
"•k ij — 



ki _ ki 

dx^ dx^ 



T a T h Tu T h 

kj-^ ui ^ ki^ uj 



leads to 



^ F dx^ F ^dx' dx^ ^ dx' 



(II.5.12) 



-d^ {y^n + L\,U'') + d, {y-.F-) ( 



dx 



-ylF^ 



h h h k h h ' 

{p-k ij ~ L^kjL ui + L^kiL uj) U + L kj-^, L ki' 



dx^ dx^ 
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Now, we apply the vanishing diU'' + L^isU' = (see (3.10)-(3.11)), getting 

F dx^ F ^dx' dx^ ^ dx' 



-ylF"" {ak\jU' - L\jN\U^ + L\,N'jU^) 

-y^F^ [iV*, {d,U^ + L\jU^) - N', {d,U[^ + L\,U^)] . 
Taking into account the equahty 

F^U^yl = h', 
(see (3.6)), we arrive at the representation 

F 'dx^ F ^dx' 'dx^ ^ dx' 

-y^F^'uk^U' - N\djh^ + N'jdjh'l, 

which can readily be simplified to read 

11 81 81 

^ F F ^ 8x3 ^8x' 

-y'^F^'ak^jU" + N%d,{ris) - iV%d,(/^^/,) 
81 81 

= -rTV^,^ + riV^,-^ - y;:F''ak^jU' + rN^djh - ^N^jdjl,. 
The eventual result is 

M\ = -y^tWij. (11.5.13) 

Next, we use the equaity 
(see (4.24)) to consider the relation 
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In the commutator 

[ViV,- - V,V,] W\ = -fas^j-^ - ak\iW\ + ah\jW\ (11.5.14) 

the Riemannian curvature tensor aj^ij is constructed in accordance with the ordinary rule 
(5.12). Whence, 



Using here the equahty 



(taken from (4.23)) leads to 

Ti/rh ^"^"^m h .,,n j_ w n „,,h _ _ h 9w"'m ^^rh ,s_ r ^Vh^m 

^^~dy'^ ^ ^ m — -I Os ij -T W kt O's ij Q^j. 

Now we use here the representation (5.13) obtained for the tensor M^ij. We are left 

with 

T? h .,,n I I? rt „,,h j.h.,v^,,u j.s^ r ^ilh^m j.k ^ r „,h^,,n , s j.r^,,h 

-^m ijW h + ijW m — KUkW vt *m"fc ijUr^ h + Us^'r ij^h^ m- 

In this way we obtain the explicit representation 

Ek\, = vltl^M^ii + vla^iA- (n.5.15) 
Prom (5.8) and (5.15) it follows that 

Pk ij — yVh^km — ^ mk) ^Vl ij -h y^Uh ijl^- 

Inserting here the tensor C^mk taken from (2.21) and noting the vanishing l^M'^ij — 
(see (5.5)), we get 

Pk\ = {yPkm - (1 - H)j{k5l + rgmk) - pVrk^lHQ'''-^ M^,, + y^H^^^jtl 

Let us lower here the index n and use the equality gnmyT — P^^n'^ij (^^e the formulas 
below (2.17)). This yields 

Pknij = (pXtkm<^lh - (1 - H)^{k9mn + ln9mk) " + P^amltW^iA 

Next, we use here the skew-symmetry relation (2.20), obtaining 

Pknij = ~ H) — {lngmk " lm9kn) " (1 " H) — {lkgmn + ln9mk)^ M'^ij + p^amit^^ah^ ijt^, 
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or 

Pknij = -(1 - H)^{kMnij - InMkij) + pWii^C (11.5.16) 

where ahuj — aira^ij. Finally, we return the index n to the upper position, arriving at 

p^\^ = -(1 - H)^{h5l - rgmk)M"^ij + vla^iA- (n.5.17) 
The totally contravariant components 

read 



pknij ^ _ H)^{l^M'''^ - rM'''') + (II.5.18) 

where a'^"^' = a^^a'^'a^'^afmn and M"^'^ := a^'a'^m'^hn- 

Similarly, we can conclude from (5.13) that the tensor M„jj := gnm^^ij can be 
given by means of the representation 

Mnij = -phXahmij- (II.5.19) 

Squaring yields 

M™^M„i,- = ph'arH^ahnii- (II.5.20) 
Now we square the p-tensor: 

P'^^'^Pkm, = (1 - Hf^M-^^M^,, - 2(1 - H)^{l'M-^^ - rM'^^)pWHAtn + a'-'^akmj 



[1 - Hf^hr^^Mr,,, - 2(1 - H)H^p'{ahUjt%M'''' - ahuAt'M''^^) + a'^^'^a^mj, 



or 



which is 



p'^'^'Pumj = «'"^^«fcn., + - l) t'arH^a^r.^r (11.5.21) 



Because of the nullifications 



71 ( = 0, %{Hpn = 



(see (4.3) and (4.10)), from (5.13) it follows that 

TIM",,- = {Vi ^H^ an\y (II.5.22) 
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Prom (5.17) we can conclude that 

TiP,\ = (1 - H)^{h5i - rgmk)yTt^ (v, 



—Hi]ah ij + yl^t^Viah 



+ Hi-{h5l-rgmk)M^i^. 



The covariant derivatives 



(II.5.23) 



(II.5.24) 



and 



^IPk'ij - dlPk'ij + '^'^ItPkij - T^kPt'^ij - ofliPk^'sj - (^""ijPk^ 



(II.5.25) 



have been used. 



Appendix A: Evaluations for Finsleroid connection coefficients with g = g{x) 

Below we present various important evaluations which underlined the consideration 
performed in Section 1.3 of Chapter I. 
We shall use the relations 



a"- 

Q ^ 

NKgq^' 



2B 



and 



(A.l) 



d 



B 



so that 



B B 



2B 25 b 
r^n ~l~ 2 -An.— 



NKq^ " NKgq^ 'q 



B gNK 



{2b + gq)Ar. 



(A.2) 



Moreover, 



and 



(A.3) 
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We shall also meet the convenience to apply the identity 



{2b + gq){q+^gb) ^ 2h%q + gB. 



(A.4) 



The equality 



dM _ ^q^ 2 
dy^ ~ 'BgNK 



(A.5) 



can be obtained from the relation 

dg 



(A.6) 



It follows that 



dg 



BgNK 



BgNK 



q 2 2 2 

:{2b + gq)Arn—A^+^ 



BgN' 



gN " BgN 



.A I A -i^^H 

A/ 2 g 



which is 



bq 2 2 



bq 



BgNgN^^^"^^ B^'' 



(A.7) 



entailing 



^^mn _ bq 2 2_ _ 

9^ " BgNgN 5 



We can also obtain 



(A.8) 



S gNgNgN ' 



or 

5^mnj 3 - . /I ^6g\ . ^c/6g 1 2 2 



2^A^"^+(^- 2-jA^„,- 2— — — — (A.9) 

Evaluations frequently involve the vector rrii = {2/Ng)Ai which possesses the prop- 
erties 

g'^mirrij = 1, y'rui = 0. 
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entailing 



and 

dM 12, 1 c/ g 2 , , 1 / N 2 , 2 , , 



or 



^ = {b + \gq^ - 6(26 + ^g) + 2B^ 



h?BgNK " 



which is equivalent to (A. 5). 

Starting with (I.3.22)-(I.3.23), we get 



1 



1 1 . .fc ,9V-, 1 ^ 1 .fc 2,, ^ 2 , q2 / 1 5\ 1 ■ 



-Qi I — —Ami'' + -MSt 
B Ng 2 



T^Qi— + -fl'- - 2/i^^ — ^m^'' + T^9i— (q + -gb ] (b + gq)h^ 
h^^ 2B V J Ng h?^ 2B V 2^ ' ^ 



1 1 



^S-(26 + 2^g) (? + -y6 



— — ^—AmA^ - -giMht + —lmN\ 
NgNg 2^' m^^m » 



Using here the equality (A. 4) leads to 



1 1 



2h%q + gq{q + ^gb 



±±AmA^-lgmi + ^LN^ 



Eventually we obtain 
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1 fb 1 \ 2 2 ^ 1 ,>,fe 1 , 



(A.20) 



Thus the representation (1.3.28) is vahd. 
Next, we find that 



TV"- = 



1 g 1 



:{2b + gq)An (l + l-g- - 2hA -^Arr^l" 



1 1 1 ^ 2 , 



1 g2 / ^5 „\ 2 1 



N q 2 



-T^QiiT^C^b + gq)An (l + ^g-] (- + g^ 



h?^ BgNK 



2 qj \q 



1 gM 2B 



An 



h^^'2B2'' NKgq^ " V? 



1 q 



1 b\ 2B 



h?^ 2B \ 2^qJ NKgq 



- A h'^ 
2 ^nii'm 



1 q 1 



b 1 \ 4 



1 g2 2S 2 2 



-A A^ 
h? 2S NKgq^ ' ^" A^^ A^^ 



1 g2 1 \ 4 1 

/^^^2S Vg ^ 2 V 



2g 
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1 



1 g / 1 \ 1 it 



K "'h^^'2B \ ) Ng 



1 g2 / 1 6\ /fe \ 1 g2 1 



Simplifying yields 



4 1 ^ ;fc J_ 1 1 ^ 2 ^ 



I hq ( 16 



— 0,— 1 + -g- - 2/i^ Am— 

h^^ 2B \ 2^q J Ng K " 



11 1 . ^ ^.fc 1 1 ^^ 1 . 

+ /?^'2^A^^" \q^V^-^ V ^ 2^ J NK-g"""^ 



k 

n"'m 



1 ? /oL N /^^ M 2 2 2 1 ^ 



1 1 ^ 2 2 



1 g2 1 \ 2 2 1 



/i2^'2S Vg 2y NgNgK 



2 q 



1 q (h 1 \ 2 1 



:{h + gq)Am'Hl 



'h^^'2B \q 2^ J NgK 



^ bq b ^^2\ 1 ^ ,fc 1 bq 1 & ^^,2\ 1 2 2 ^ , 



11 ^ ^ fb \ ,fc 1 ^1 1 ^ 1 . 



1 g2 / 1 6\ 1 . 1 hq (h 1 \ 2 2 2 1 , 

■/?^^2S y + 2^gJ ^"^^ ~ Y^^'2B \q + 2^J WgWglTgK''^'^^ 



1 1 , 2 2. 



1 g2 1 \ 2 1 ,6^, 1 g2 1 \ 2 2 1 ^ . 



/i2^'2S 2V iV^i^ g h? 2B \q 2^ NgNgK 



^ . Q fb , l^ 2 1 , 



'BgNK i^2^-"/,2^^5 + 2^^J iv^- 



Additional reductions are possible, leading to 



47 



1 f 1 ^ , A 2 1 . 



/i2^*2S V ; Ng "^K 



1 1 , 2 2 ;^ 



h?^'2B \q + 2^^ TV^X '"^ h^^' 2B 2^ Ng Ng K 



1 g /6 1 \ 2 1 



25 2''; NgK 

or simply 



(6 + gq)A^h'^ - l^hmn^g,^ {q + ]^gh^ 



1 1.22 



I ~ r, ' 4 ~ ~ 4 4*; 

h?^'NKg "NgNg " 
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Using here the representation (A. 14) of the tensor Aij^, we are coming to 



Let us verify the vahdity of the equahty 



(A.22) 



(A.23) 



To this end we find 



1 1 



1 

2' 



2 

Ng' 



1 (if 1^2,.! 



Anhnk + Ajihjnk + A^hr, 



;A^AnAk 



so that 



2 1 



/i2^'S V 2"^ J NgN 
We can also observe that 



(A.24) 



dg 



BgN 



Bmg^ 



B 



2 1.4 ^, ' 

4 A -4- —h 

NgN 2 



Simultaneously, 



9knN' 



1_ 

h?^'2B 



1 ^ ^,2A 2 , , 1 g2 / ^ ^ 



~l~ 5 1 hfim 

Q J 



+ 7^9 



1 g2 1 \ 2 2 



+ 7;9 



1 



In this way we obtain 



I q { I \ K ^ I - 
-h?'^B y^+2'^)N-g^--2'^^y^ 



+ 5/cmA^^n + 9knN' 

dg 
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a 1 \ - ^ — —A A - 



— -A A +^-h ' 
NgN 2 "^""^ 



1 M 2 2 , , 1 g / 1 \ 1 , , , , 



Reducing similar terms leads to 

dgr, 



9i + '^N^iCkmn + QkmN^ in + QkuN^ ir. 

dg 



-^'B^^^-^- - ^'B^- - ¥''B + 2^^ 



1 g2 / 1 6\ A \ 1 qWb 1 \ 2 2 , , 

+ 2^ J U ^ 'J ""^ ^ /^'^^ U + 2^J ^^^"^"^^ 



We get 



(A.25) 



Thus the equality (A. 23) is valid. 

Now we want to verify the validity of the equality (A. 9). Differentiating (A. 14) with 
respect to yields 



2^ = 2MC_, + 2^-^A,^„ 



dg 



BgNK 
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BgNK 



bNg, 



bNg, 



bq 4 1 



2 bNg \ ( A 1 A A 

—Ajljn + —AjnAj — J An + \—Ajln + —A^Aj — 



'^nj 1 -^m 



Is ^ gNK^ ~ gNK y " ^^I'm/ijn + tn/imjj -^^mnj- 



We may reduce as follows: 



dg 



BgNK ' KBgN 



'B-q^ + b^ 2 2 \ 2 2 

+ I ~ 7TTT I ~A^AmAr 



B gNK gNKj gN gN 



bq 2 2 1 

gN gNK 



^AmAj ^ 2 hmj + ^^^AmAj ) An 



b 2 



+ A -^-^h A A M 



, . B-q' + b' 2 _'^r 

^' S gNK gNKj S 



_ 1 B — gbq 2 4 ^ ^ 

— IML^jnnj ~l~ ^ ^ {Am'T'nj ~l~ Anflmj ~l~ Ajflnrin) ^ ^mnj 



b^-q^ 2 2_J_ 4 ^J_4 4 \4 

^ S ^TVX gN^ B gNgNK \N ' ^ q Ng ' ' " 



2/lfl4 I i B-gbq 2 
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B + gbq 2 _26g 



B gNK gN gN ' 



Thus (A. 9) is valid. 

Next, we evaluate the term 

^ ' dy^ - h?^'By^ 2^^) Ng^ dy^ ' 
With the representation 



Qyti — N ^AjknAi + Aj^knAj + Aj^jj^A/^j ^ (IjAi^j^i + l^Ai^y^j + IkA^j^) 



+ i'^jkAiAn + HikAjAn + ?^ijv4feA„) {'HjkHin + 'Hik'Hjn + 'HjiHkn) 

K i\ i\ ZK q 

(A.26) 

we obtain 

(9 A - • 2 



^2 

+"2" ^'^okAi + 'HikAj + HijAf.) 



Using here the equality 



1 (NgNg 

AjknA — ^ 1 ~~^~^'''jk + ^i^fc 



leads to 



'{hjkh + ^iik^j + hijlk) iT^iAjAkli + Aj^A^lj + A^Ajlk) 



N 2 2 ^ ' ' ' ' N 
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g ^22 



So we may write 



KA' 



dy 



1 



{hjkh + /ijfc^j + hijlf;) — —[AjAi^l^ + A^Af^lj + AiAjlf^) 



N 2 2 



+ {hjkAi + hikAj + hijAk) . 



(A.27) 



We also need the term 



jmn 



1 g2 M 2 2 1 [NgNg^ ^ \ 1 - , 



Summing all the addends yields 



.1 J^Q \ , 

= i/i 1 ~ ^ 2— ) Amnj — 9; 



2bq 1 2 2 



A A A 



1 

^ hjnnlj ~\~ hnjlm) 'j^{AjAjjilji-\- A^Ajlji-\- AjiAjljyi^ 



+3^c/i^ (q + ^gb ] {b + gq)Aj^^ 



1 fb Ml., 3 fb 1 \ 4 

^1^^^2B V g ~^ 2^7 iV '^"iJ^" + 't-njAm) + J^9i-2^ I g ^ 2^j ^ ^ 
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or 



1 ^ 
/l2 



1 g^q / 1 \ 1 



1 1 



6h%q + 3c/5 - 6 3g + -^6 



jmn 



1 gq g \ I . . . , . \ 3 gfg /, 5? \ 4 



1 J_ ^ 



Ah%q + 3gB-b (^3q + ^^6^ 



A 



1 ^ 

By the help of such evaluations we eventually obtain 



^j^9i^ [b- 2h% - '^gq - g%j Ajmn = QV^Ajmn + ^^i^jmn- 



(A.28) 



which shows that the representation 



Afk 9 ^ U ik ^ ^ Ak 



(A.29) 



indicated in (1.3.30) is valid. 
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The full coefficients iV^„„, = N^^imn + N^imn 

can be obtained on taking into ac- 
count the components (A. 29) together with the representation A^^^jmn — ~{^/ K)'DiA^jnn 
obtainable in the {g = const)-case (see [10,11]). The result reads 

9 1 1 
Thus the representation indicated in (1.3.31) is also valid. 



Appendix B: Conformal property of the tangent Riemannian space 

Given an arbitrary Finsler space of any dimension > 3. At any fixed point x, 
the Riemannian curvature tensor R^^} = {Rn"^ij{x,y)} of the tangent Riemannian space 
TZ^x} is given by means of the components 

p m ^ cm ('R 1 

J^hi ij — 7719 " V / 



where 

Q m { /^h rim rih rim \ t-<2 /td r)\ 

'-'n ij — nj^ hi ~ ^ ni^ hj ) ^ ■ l-^-^J 

Let us construct the Weyl tensor Wijmn in the space 7^{a;}, so that 

f'^w ■ = S- 



ijmn '^ijmn 



1 1 

'J^ ^ i^imdjn ~l~ Sjndim ^inQjm ^jmdin) ~l~ "^J^ l^jJjV ^9im9jn 9in9jm)j (-^•3) 

where Sijmn = QjhSi^mn, Sim = Q^^Sijmn and S = q'^'^ Sim- Contracting the tensor two 
times by the unit vector /" = {1/F)y^ yields directly 

(N - 2)F^Wijmnn' = -Sim + -j;^Shim, 



where him = Qim — i)- / F'^)yiym- Therefore, in any dimension A" > 4 the vanishing Wijmn — 
is tantamount to the representation 

Snmij — CHjljijhmi ^ni^mj)- (■^■'^) 

It is known (see Section 5.8 in [1]) that the indicatrix is a space of constant curvature 
if and only if the tensor (B.2) fulfills the representation (B.4), in which case C — C{x) 
(that is, the factor C is independent of y). The respective indicatrix curvature value Cind. 
is given by 

Cind. = 1 - a (B.5) 

Next, in the dimension A" = 3 the tensor Wijmn vanishes identically and, therefore, 
the equality 

Sijmn — L{himhjn — hinhjm) with L = -S (B.6) 
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holds, where L may depend on y. Taking Sim — Lhim, we should examine the tensor 

Cim '■— I Sim ~ ~:Sgim ) (^-^^ 



p2 \ " 4" 



of the Cotton- York type. Let us use the Riemannian covariant derivative S operative in 
the space 7l{x} under consideration. Denoting L„ = dL/dy"" and taking into account the 
vanishing SnQim = 0, we have 

^nCim ^mCin ^^nhim Lmhin L—{l^hmi Imhni) '^{^LnQim LmQin) 

~^ L (^lYihim lmhiri)i 

which is 

^nCim ^mCin ( -^n ( ^im '^Qira 1 -^m ( ^in '^9in 1 1 ) 



SO that 

SnCim ~ SmCin — (B-8) 

holds iff Ln = 0, that is when S = S{x). The vanishing (B.8) means the conformal flatness 
of the three-dimensional space TZ{x}- 

Thus we are entitled to set forth the validity of the following proposition. 

Proposition. Given an arbitrary Finsler space of any dimension N > 3. The 
tangent Riemannian space TZ^^} is conformally flat if and only if the indicatrix is a space 
of constant curvature. 

The question arises: What is the form of the conformal multiplier of the space TZ{x} 
under study? See the next appendix. 

Appendix C: Multiplier for the tangent Riemannian space 

To find the form of the conformal multiplier of the space TZ{x} under study, we can 
start with the conformal tensor 

(cf. (11.2.3)), where 2; is a test smooth positive function. 
Denoting Uijk = duij/dy'^, we get 

{Clfuijk = i^-2z — lk + Qij + 22;-^Cjifc, 
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where C^-fe = {l/2)dgij/dy^ and = dz/dy^. 
Constructing the coefficients 



^ijk • 2 i^kji ~l~ IJ'iki '^ijk) 



leads to 



F (ci) Zijk = I + I + I + 2^^' ] 9ik- [ + 2^^= ) dij + ^^ufc- 



Since the components m*^ reciprocal to the components (C.l) are of the form 
u^i = {1/ z)F'^°'g'^\ciY, the coefficients Z"^ij = u^'^Zijh read merely 



^ i j — 



F ' ' 2z ' ' 



We straightforwardly obtain 



(C.2) 



F2 



1 F 



dy^ 



1 

+ 2 



Hn.^ A-^Hn.^ A- ■9(^^^(lnz),) 
(in^jnjdj +[lnz)ijd^ — gni 



and 



dyj dy' F^ 



= T;^[^n(i,-5r - kST) - nij9ni - k9nj)] 



n r)C^ • f)C^ ■ 

. — \(h .A™ _ h - (h^n. - h^.'^n. )] 4- _ 



I ( d{g"'^{\nz)k) d{g"'^{\nz)k) 



dy^ 



9ni 



dy' 



'9nj 



SO that 



dZ^„, dZ 



2a 



dyi 



dy' 
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+ i {{lnz)njST - (ln;2)„i5f [{lnz)hjgni - {lnz)hignj] + {^nz)h [C^'^jQui - C^'^gnj] 

(C.3) 

Also, 



r^h ym yh ym 

^ ni^ hj ^ nj^ hi — 



-1-6^ 



+ pi gin 



1 



1 



1 



2z"'^^ + Yz'^^^ - Yz^"^'''^'^ 



- m 



'7r9 ^kgin 

2z 



■J 



~'2^9 ^k{ginC^hj ~ gjnC^hi) 



7 /^m I r^h 

' 1-1 i in ' ^ in 

F 



"r*-^ ni^ hj ^ nj^ hi: 



or 



^ ni^ hi ~ ^ nj^ hi — ~ \^ J {'Hni'-j ~ ''■jni'-i ) ~^ ^ ni^ hj ~ ^ nj^ hi 



0- ,h 



1 ™, 1 



2z 



9 ZgQin 



n \ \ ft (1 1 



-pk + -z, 1 5f - + -rg,, - ^/-""zugn, 



In this way we come to 

^ ni^ hj ~ ^ nj^ hi — ~ J VHn'I'j ~ "'jn"'i ) ~^ ^ ni^ hj ~ ^ nj^ 



■^Yz^n{li6f - IjSD + ^Yz^'^'zkihgnj - hgm) 



2z\ F^''^2z^ 



+ -{-T^L+-Zn]iZiS]'-Zjdr 



+ ^-^{l^ZsMnST - gjnST) - ^{zhg''Zs){g^nST " ^.nC) 



4^2 



I r /^hm I /^hm , /^h /^h ^m] 

"T ^^/i L"*-^ ii/in "I" ^ igjn "i" m"j ~ '-^ in"i J • 

Thus we are able to evaluate the curvature tensor 

p m _ nj ym _ yh ym 

J^n ij • — o 1 a i ni'^ hj ^ nj^ hi- 



By lowering the index 



■^nmij ■ ^mt-^n iji 



we obtain the representation 
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^(^{In z)njgmi - {lnz)nigmj " 0.nz)mj9ni + {In z)mignj^ 



~l~ ^jZ^^^^ rnj9in ^ mi9jn C nj9mi ~l~ in9mj^ 1 (^•^) 



where 



cm _ I ni '~>^ nj r^m r^h r^ra \ rp2 



and 



Snmij 9mtSn ij- 



Henceforth we assume the zero-degree homogeneity of the function z{x, y) with re- 
spect to the argument y, having the identities 

(ln^)„,r = ~{lnzU (In^)ir = 0. (C.6) 
By performing the contraction in (C.5), we get 

^{c,{x)fF"'^-^Rr,mijrP = ^[-{]nz)nh - {In z^ - {lnz)iln) 



^ f , 1\ la, l/ft, \, 1^ 

^Yz Tf^" + Yz'- ) + Yzf''^- - li-^''^ + Yz'"^' 



h 

in -I 



or 
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- ^{^hg'''^s)hin + \zhC\n. (C.7) 

The vanishing _ 

Rnmij — (C.8) 



holds when 



in which case from (C.5) we get 

1 „ 1 



-\{j{^^z)mlj + -^(In^)j/^ - ^^m^j + ^{zh9^"Zs)hjrr^gn-, 



(^{hiz)mk + -^(In^;)^/^ - ^ZmZi + ^{zhg^'zs)him^gnj 



' 2z \ p 2z'^"^ J ^^^^^^ Zjgjjii) + 2^ I p ^ 2^^™ / '^jfl'*' 



+ ^{zhg^'' Zs){gingmj - 9jn9r, 



Due simphfying yields 
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^~^^2 (^^h9 ^s) hjnQfirfii hinQmj hj^fngni ~l~ ^imfl'njj 



+ 



a 1 
F2l 



^2 '^(^{hnjhmi ^ni^mj) 



a — 1 
' 2zF 



~l~ ^^^9 ^s) ^^jnfl'mi hin9mj ^jmfl'm ~l~ hj_m9nj ~l~ 9in9mj 9jn9mi^ i 



which is 



a — 1 
2z 



Therefore, the known vanishing Snmijl^ — requires 

(a - 1) (^{lliz)nhmj - {lnz)mhnj^ = 0. 



(C.IO) 
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Whenever a 7^ 1, we should take Zn — 0, which means that the function z is independent 

ofy- 

Lastly, it is worth noting that the case a — 1 would mean 
In this case 

Cind. = (C.12) 

Appendix D: Evaluation of the coefficients N^mni in the J'^-space 

To evaluate the coefficients N^mni = dN''rnn/dy\ we use (II. 3. 32) and obtain 

d(-h 



iV^m - C'nsN^mi - -^h {Ink': - (1 - H)l''hns) 



Qyi ^ p2 



+ j {Inh^l - (1 - H)l''hns) N'mi + ^ {Kih', - - Ush^) N% 



or 



^^i " p2^ 



m 



+ j {Ir^h!; - (1 - H)l^hns) N'mi + (/im/i.' - Whsi - lnlsh\) N% 



--1(1 - H)hlKsN^m - 1(1 - H)l''CnsiN% 
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Reducing similar terms leads to 



, _ J_; .kdF_ 1 ,dF_ _ ]_,,dk_ _ ]_,kdln_ , J_j,, dF_ _ l,dh 



— N^ — —7 (l h'^ — — H\l^h \ 

j m ^ ns-'' mi 7712 * s v ^6 Ibns) m 



- (1 - H)l^hns) N'mi + ^ {Kih!; - lAi - Ushl) N% 



~{1 - H)h'^hnsN'm - |(1 - H)l^Cns^N' 



+ -^(1 - H)lXhsiN'm - H^lHsKiN'm 



yp'^ivyh^ -'^ m^ns "'syp'^iv'-^ run 



Applying here (II. 3. 30) and (II. 3. 31) yields 



F2 ' F2 " F "ax™ F ' dx"" F^ dx"" F dx' 



f)r<k 1 

_n£ Tys ivrs /^k j\js _ 1 (l (^ M\l^h \ 

■'■^ m ^ ns-'' mi ^ is-'' mn 7712 * s v -"^t i^-ns) -'' 



--1(1 - H)hlKsN^m - 1(1 - H)l''CnsiN% 



m 
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- ( - (1 - H)^{lJl + k5l - l'g,,)\ ylF^'uH^N^m + (1 - H)^ikh'^ - 1%,)N^ 



Prom the representation 



(see (II. 3. 5)) let us evaluate the coeffcients 



Tjh ^ ^^n 



We get 



= -jihU!: + /nt//') + + ^(1 - H)HU\k - ^,HU%, 



Here, 



(see (II. 3. 30)). From this it follows that 



+-^-^(1 - H)Ht^gm - ^HU'^igm - (2 - H)IJ,). 



We have here 



p2 pH- 



P2 



/~is j.h 



1 1 1 



2 + H 



PPH 
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Thus it is valid that 



1 

F2' 



(D.l) 



We may readily deduce the contraction 



(D.2) 



Inserting yields 



mm p2'^•^nQ^m + ^2*"^ Q^m dx^^ F ' dx"^ ^ ' F dx^ 



dC^ns k k ^ k k 



- (1 - E)-{l,bl + kbl - I'gi,) 



C^sn — {hKi + ^nK) — —HhnsV' 



+ {l-H)^{kh^-l%s)N^mn + ^k 



1 M 

r<k (] A_] _ _h 1^ 

^ sn p V s ^n"'sj p"'ns^ 



TV^ J 7. TV* h'^ 

m~ rr 1 mn"'s 



^ykpH F 



dx" 



dx^- 



dx'^- 



d{ U^+-HUH, 



dx^ 



- y'.F^L'msU;: 



or 
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dC^r)i dC^ns k k ■ ^ k k 

H m C ns-^ mi C isN ran 'p<2^^ ijnhg (1 H^l h^s^ N 



^ sn^ iv j-T v^'s*-^ in ~r 'n*-^ is ) 



N'm-{l-H)—5^HKsN' 



N'm-{l-H)^l''h,sN' 



H 



1 



d— ikUn + InUi) 1 fijjh d—zhni 1 



k TpH 



-C'mytF 



d -HUH. 



fiTjh 

- ylF"L\^U:,, - C\,ylF" ^ 



dx' 



Finally we apply here (11.3.32), obtaining 



mm p2'^'^nQ^m + ^7^2*-^ Q^m p dx"^ F ' dx"^ ^ F^ F dx^^ 



dx"^ dy 



' m ^ ns-'-^ mi ^ is-'* mn ~ -'■^ ms'^ m 
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^ k [Inh] - (1 - H)l'^Ks) N^m + ^ln{l - H)l%,N\ 



F2 



F2 



r^v r^k / 7 r^k _i_ 7 r^k \ 

^ sn^ iv jp \''s^ in ~r is ) 



N'^-{l-H)—5lHKsN' 



C'isn p {I shin ~l~ In^i. 



C sn J-, {j'shj^ ~\~ lnhg\ „hjisl 



+yhF 



d- {ku:: + inU^) 



'p2 



dL 



n.i 



+ c\al,F''L\„u:. 



Reducing similar terms yields now 



^ rr^kdF 1 , 1 . dk 1 din 1 OF 



-I- . -I- /) /V*' . -I- /) . /V'^ 



^m'~^ ni 



Drn.C 
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~l~^2 {p"nihg In^ hgi Iri^s^i) ^ m T7'2^^ H^h^H^gN H Ighji^N j 



F2 



F2 



^ svS^ iv p y'i^ ns ~r 'n*-^ is) 



N'm-{^-H)^h^^HKgN'm-{i-H)^l%HKgN'^ 



C'ign pi (Jshin ~l~ ^n^i 



1 „o, at/'^ 



F2 



C\gN'^--{l-H)l'KgN' 



The next step is to transform the representation to 



.rk ^ ir^kdF 1 , 1 . <9/, 1 . 9/„ 1 

/V*^ . — 7./)'^ I 7 7)^ h'^ . -I r^h 



dx^ 



^ nn\^ rt.i. 



~h {Inh^g - (1 - H)l^hns) N'm + ^ln{l - H)l%gN'm + jh'UlnN'rm + kN'mn) 



p2 i.^^^^s ^'n^ ^si ^n^shj^ lilgh^ N ^ ^2^"^ H^hj^ HngN H IghniN ^ 



F2 



F2 



N'^-{l-H)—h\HKsN'^ 
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1 f)TI^ 2 BT^ ^ 



where 



ok T^2fryv f^k r~iv r^k \ 

*-'n si " \^ ivS-^ sv ^ sn^ ivj- 



We come to 



dh„ 



on -N^ -\-h ■ -\-h- 



{lnh!l - (1 - mi'^hns) N'm + ^ln{l - H)l%,N\ 



F2 



' pi"'s\'"n-'-^ mt ' ''t-'-^ mn) \ p2 V s '"a''si<'i ''i''s'<'n) -'' 



1 1 

Q k (l.n^ -I- / C^. \ 

p2 p yi^ ns ~ '"n^ is J 



N'^-{l-H')—h^KsN'm 



1 1 1 / dU'^ BU^ 



F2 



N^m-{l-H')—htKsN'm 
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k r^H 



dx'" 



mi I sm^ I 



"'\dx 



Use here the equahty 

2 

(see (11.3.21)). 
The rest is 

^21^ fc-'-fc Ife k k 

mni — ~H^^~p'^ ^ni T-^mC ni 'p2^i^nhgN ^ + {p"nihg In^sh^ lilgh^ N ^ 



N'm - (1 - H^)^h'lKsN'm - ^klnhlN% 



21^ fclfe 1 fc fc 



"-"n si J-, yi^ ns ~r ■'n'-^ is) 



7V^^ - (1 - ^h^h^^ _ h.^hk^ NS 



F2 



1 1 A: 



1 



Since the indicatrix curvature equals i?^, we have (S'^'^^j = —(1 — H"^) {h^hns — hinh^) . 
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The eventual result is the representation 

fc 2 1 ^ 

mni ~}J^^~F^ ^'ni T-^mC ni- (■^•"^) 

Thus, Proposition 11.3.5 is vahd. 
Appendix E: Implications from angle 

Below, the consideration refers to an arbitrary Finsler space. No assumptions con- 
cerning the curvature of indicatrix are made. We use the angle a = a{x}{yi,y2) which 
is the geodesic-arc distance on the indicatrix, in accordance with the initial definition 
(I.l.l). 

In terms of the function 

E := ^a' (E.l) 

the preservation equation dia + {1/ H)Hia = proposed by (1.1.28) reads 

where A^''^ = N^i{x,yi), N^2i = N^i{x,y2), and Hi = dH/dx\ Henceforth, 

H^H{x). (E.3) 

We are aimed to extract the required coincidence limits from the function E, treating 
the indicatrix naturally to be a particular Riemannian space metricized by the help of the 
metric tensor induced by the Finsler metric tensor. 

Let a set of scalars u"" = u°'{x, y) be used to coordinatize the indicatriccs; the indices 
a, b, ... will be specified over the range (1,2,...N-1). We shall use the derivative objects 

dy"^ ' dy'' ' 

The scalars are assumed to be positively homogeneous of degree zero with respect to the 
variable y: 

u\x,ky)^u\x,y), k > 0, Vy, (E.4) 
which directly entails the identities 

= 0, u^.y'' = -ul. (E.5) 

Using the parametrical representation T = t^{u°') of the indicatrix, where are unit 
vectors (possessing the property F{1) 1), we can construct the induced metric tensor 

iabiu") = gmnCt^ = h^nCt^ (E.6) 

on the indicatrix by the help of the projection factors = df"^ /du"" (the method was 
described in detail in Section 5.8) of [1]). 
The validity of the equalities 



(E.7) 



72 



and 

''ab 



can readily be verified. 

From the identity Imt^' = it follows that 

^mtab = ~iab, (E.8) 

where t^l = df^'/du^. 
Prom (E.6) we get 

iab,c — '^FCmnkt^t^t^ + 9nm{t^c^b + ^^^bc)- 

With the coefficients iac,b — diac/ du^ we obtain 
which entails 

(A _\_ A A \Ae-c OTPC -\- On frnj.n-ec 

V*ae,6 ~r *6e,a 'a6,ej* — ^■'^ '^mnk''a ''b ''e'' ' ■^ynm''ab''e'' i 

SO that 

= 4 (i^f, - FCmnkWli^") - iHab (E.9) 

(this equation is equivalent to (5.8.8) of [1]). 
The indicatrix Christoffel symbols 

.c _ 1 -ce ( ^jea dieb _ diab\ 

and the indicatrix curvature tensor 

la'bd --Q^-^+ '^-bi'fd - ^^adi'fb (E.IO) 

will be used. 

Constructing the tensor 

Sabcd = —-{lacbd + ladbc)-, (E-H) 

where laM — la^bdiec, we obtain the useful identity 

Sabcd — Sacbd — —ladbc- (E.12) 

It follows that 
Taking from (E.9), we get 
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Here, 
so that 



from which it follows that 



^ Tp"'m 1 

-r I ,q 

dyj ^ F 



\ 



\ 



I 



(E.13) 



(E.14) 



and 



Now we consider the quantity (E.l) on the indicatrix: 

E = M(a;,Mi,M2), 

where M is a scalar. 

There arise the objects 

def dMia 



Mia2c = 



def dMia2c .2f ,^ 
^^^Ia2c2(i — — TTH * 2d2c^V-ila2f , 



dul 



dui 



together with 



(E.15) 



(E.16) 



(E.17) 



, , def dMia 



def dMiaih 
lal62c — 



dufdu\du2 



i'^lalbMif2c (E.18) 



def dMialb2c _ ■2f 



Ialb2c2d — ^ 2d2c^Vlialb2f 



It follows that 



du'ldu\du2du2 



-If dM\j2c ■2f Ti/T 
= J^lalb2c2d + 1 lalb ^ ^ ^ « 2d2cJ^lalb2f 



In the limit M2 — )■ mi we have 



dM ^ dM 
-7; > 0, > 0, 



and 



du1du\ 



du1du2 



du2du2 



(E.19) 
(E.20) 



(E.21) 



(E.22) 
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together with 



^ fc^-, ^ -^\bifc (E.23) 



duidu2du2 du1du\dul 

(see Section 3.2 in [12]). 
Also, 

^Ial62c2d ~> 'S'aftcd (E.24) 

(see (3.2.69) in [12]). From (E.20) it follows that 

Sabcd - iabi^dcife- (E.25) 



du1du\du2du2 
We find 



dE _ a dM d'^E _ ^ dM ^ 



and 



Moreover, 



These observations entail the hmits 

OE OE 
y.^m : ^^0. —^0, (E.29) 



d^E I cPE J_ d^E _\ 

QyruQyU ^ -^l^rnn, Q^mQ^ ^ J^^"^-^ QyrnQyU ^ -J^l^rnn, (E.30) 

and 

d'^E 

dyldyTdy^ ^ - («nfe«m^a6 + <4<^%c^ea) , (E.31) 

plus 



d^E 

, k^M..n - {<kUniab + Kulu'J^Jea) , (E.32) 



dy^dyY'dy^ 
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together with 



dyldy^dy'^dyi 



or 



dy2dy2dy^dy{ 
In this way we arrive at the reductions 



dyldyY'dy. 



F2 



and 



(E.34) 



^E 1 1 



dy2dy^dyi ^ 
Taking into account (E.13), we can write 



(E.35) 



d^E 



dy2dy2dy^dyl 
which is 



k 1 



dy^ 



^kn 



h 



tq 



J 



\ 



dyi 



n .g 



d^E 



dy2dy2dy^dy{ 



or 



dy^dy^dy'l'dyl 



+ FCknmlj + FCknjlm — F'^CknCmjt + F"^ RabcdU'kUnU'^.u'^ ■ (E.36) 

Now we differentiate the preservation law (E.2) with respect to y"^ and 1/2 and make 
y2 — >■ yi, which yields 



1 



76 



On so dong we come to the following sought equality 



2 2 

'^i^mn '^^mn.d'iF — '^Hjh^nji (E.37) 



with 



and 



T^ihmn — dihmn + N i + imhkn + N inhkm (E.38) 



diF = diF + N^dk- (E.39) 

In the vanishing case 

diF + N\lk^^ (E.40) 
we obtain by differentiation the equalities 

diln + ^N\hkn + N\r.lk = (E.41) 

and 

dh X 1 

dihjYin ~l~ i Qym imhkn ~l~ inhkm ~p'^ i^kn^m ~l~ i^khmn ~l~ FN inm^k — 0- 



So we can write 
together with 



+ FN\,,Jk = (E.42) 



k 2 

FN inmh — JjHihmn- (E.43) 
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